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TREFACE. 



In tliis treatise it is my aim to give tlic demon ts of Deter- 
minants and the Theory of Equations in a form suitable, both 
in amount and quality of matter, for use in the undergraduate 
courses in our colleges and universities. To this end I have 
endeavored to make the work in every part readily iutelligible 
to the average student who has become proficient in algebra 
and the elements of trigonometry. All use of tire calculus has 
purposely been avoided. While the presentation of the sub- 
ject has necessarily been condensed to suit the requirements 
of college courses, great pains has been taken not to sacrifice 
clearness to brevity. It is a short treatise, but not a syllabus. 

Part I treats of Determinants. The first two chapters give 
the fundamental theorems, with examples for illustration. 
The third chapter consists* of applications and special forms 
of determinants, followed by a collection of carefully selected 
examples. These three chapters on determinants should serve 
as a helpful introduction to the study of this interesting class 
of functions. 

Part II treats of the Theory of Equations proper. The 
principal elementary theorems concerning algebraic and nu- 
merical equations are deduced. After a brief introduction, 
giving definitions, etc., there follows a chapter on Complex 
Quantities, a subject which seems worthy of more space than 
is usually allotted to it in so elementary a treatise. This 
chapter, however, is given not so much for use in the chapters 
that follow, as with the hope that it may prove useful to the 
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PREFACE. 



student who pursues later in his course the study of the Theory 
of Functions. As all the theorems considered have become 
classic, no special references to authors consulted seein neces- 
sary in the body of the book. After Chapter IV I have fol- 
lowed quite closely Jturuside and Panton, though in some 
places the general arrangement has been altered to make the 
necessary abridgments while securing clearness, and, wherever 
it seemed desirable, the method of proof has been changed. 
Almost every theorem is elucidated by the complete solution 
of one or more representative examples. I desire to call spe- 
cial attention to this feature of the book, which will surely 
commend itself alike to teacher and pupil. In Chapter XI 
I have striven to make the rather complicated process of the 
solution of numerical equations as simple as possible. It 
would defeat the object of this treatise were much space 
devoted to these methods, which are laborious and of no great 
practical value, but what is given is complete in itself. Hor- 
ner's method is explained in detail. 

The following works have been most helpful in the prepa- 
ration of the treatise, Muir and Burnside and Pauton in 
particular furnishing many examples: Baltzer, Theorie uud 
Auieemluntj der Determinantem, 18S1 ; Iiurnside and Panton, 
Weary of Equations, 1S92; Carnoy, Conrs d'Ahjibre Sujie- 
rieure, 1802; Houel, Conn lit Cakiil Infinitesimal, 1S7S; 
Klempt, Lehrbuch znr Einfiihrnng in die Moderns Algebra, 
1SS0; Muir, A Treatise on Determinants. 1SS2. Todhnntcr's 
Theory of Equations, Chrystal's Ahjebra, Vol. I, Scott's Theory 
of Determinants, and that excellent little American work by 
Professor L. G. Weld (A Short Course iu the Theory of De- 
terminants) should also be mentioned; and the author has 
consulted with profit the well-known works of Serret, Peter- 
sen, Biermann, Matthiessen, and others. 
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PART I. — DETERMINANTS. 



CHAPTER I. 

THE ORIGIN, NOTATION, AND GENERAL DEFINITION 
OP DETERMINANTS. 

As an introduction to the Theory of Equations, it seems 
proper that we should devote a few chapters to the discussion 
of the important class of functions known as determinants. 

Historical Xole. The nrat notion of Determinant* we owe to Leibnitz, 
who in 11103 had observed the peculiarity of the expressions which arise from 
the solution of linear equations. 

being adopted by him from the writings of Gauss, who had applied i't to 
eertnin s|iecial classes of these functions; namely, the discriminants of hinary 

In 'connection with the analysis of curves. During the latter pan of the 
eighteenth century, the subject was further enlarged by the labors of Broom, 
Laplace, Vandermonde, and Lagrange. In the present century the first mathe- 
maticians who were iiromilit-ltt in developing tlii.s branch of mntheniatics were 
Ganss anil Canchy, and the subject was also studied by Binet in France and 

who have advanced the subject may be mentioned llerodte, Heme, Joncbhns- 
thal, Cay ley, Sylvester, and Salmon. 

Text-books on Determinants were written by Snnltiswoodc (1831). Brinsrhl 
(1854), Baltzer (1X57), fliinler (1875), Hostor (1877), Baranlcchl (187!i), Sell 
(18S0), Muir (1882), Weld (181KI), and others' 
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1. Permutations. Lot there be a group of elements 

a, b, c, d, e, »., 
or a„ a* a„ a* «„ •», 

represented by different letters or the same letter affected 
with indices arranged in order of increasing magnitude. If 
we assemble these elements by placing them in any order, 
the group thus obtained is called a im-mnkitioii. 

It is proved in algebra that the number of permutations of 
the members of a group of n things is 

1-2-3-n, or «!* 

If the members of a group are arranged alphabetically, or, 
when represented by a single letter, if the indices of that 
letter occur in order of increasing magnitude, they are said to 
be written in the natural order. 

In one, and in only one, of the ]>ermutations of the members 
of a group, the members are arranged in their natural order. 
In every other permutation the natural order is more or less 
deranged. 

2. Any two members of a group arranged in their natural 
order constitute a permanence. Tims, the pairs 

ah, ac, be, M, 12, 13, 23, 
are permanences. 

Any two members of a group arranged in an order which 
is the reverse of the natural order constitute an inversion. 
Thus the permutation 

eailefb 

presents eight inversions, 

Ml, eil, ee, eb, lie, (lb, cb, fb; 
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the permutation cfca/Wb 
presents seven inversions of subscripts, 

61, 54, 63, 52, 43, 42, 32. 

The permutations of the members of a group arc divided 
into two classes, the ecen or iwu'liee jierimvtntiniis, and the «W 
or negative permutations. Even pci-imitutioiig an- those which 
contain an even number of inversions. Odd |>crinntatioiis are 
those which contain an odd number of inversions. 

The permutations 

deabe, 32541 

are even (positive), because each contains an even number (six) 
of inversions; while the permutations 
daebe, 32451, 

are odd (negative), because each contains an odd number (five) 
of inversions. 

3. Theorkm. A permutation ehauge$ it* dots, /mm em, in 
odd or from odd to ecen, when amj tiro of it* mrmlu-t* «<•<• i'«/«r- 
clianged. 

Let a, b, c, »., q be the indices of the elements of a certain 
permutation. Now form the product 

P=(b-a)(e -«)(''-«) • • • • ('/-«) 
(c-tyd-b) .... (7-6) 
(d-c) .... (>j-e) 



('/-/') 

of the differences two and two nf these indices, taken by k iU 
traeting each of them from all those which come after it in this 
permutation. To each inversion there will correspond a nejM- 
tire difference; therefore, /'will lie jiositivc or negative aici.nl- 
ing as the ^limitation belong to the even or to the mid Hn«. 
This assumed, let y, ft bo the indices of two elements which 
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are to be interchanged ; the product /', relative to the original 
permutation, can be put under the form 

1 2 3 4 

P= ±I(&-a)(e-a)- x(9-a)(!7-&)-x(*-a)(*-6)..- x (k-g), 
the group (1) embracing all the factors not contained in the 
groups (2), (3), (4). 

If we interchange g and k, the group of factors (1) undergoes 
no change; the groups (2) and (3) will only be interchanged, 
the one for the other; the factor (4) alone will change its sign, 
and, therefore, the permutation will change its class, which 
was to be proved. 

The sign of the product P, which determines whether the 
permutation is even or odd, is called, for brevity, the sign of 
the permutation, and hence the name positive and negative is 
given to the even class aud odd class respectively. 

4. TmtOMM. Of all jxmible permutations of the members 
of a group, one-half are even and one-half are odd. 

Suppose all the possible permutations written down. Now, 
let a new set of permutations be formed by fixing upon any 
two of the members and interchanging thcin in each permu- 
tation. The even permutations will thus lie changed to odd, 
and the odd to even. That is, for every even permutation in 
the old set there is an odd one in the new, and rice verm. 
Hut, as is evident, the new set of permutations is the same as 
the old, only differently arranged. Hence in either set there 
are ns many even as there arc odd jiermutations, or one-half 
the permutations are even and one-half arc raid. 

5. Definition. We can now give our first definition of a 
determinant A determinant of order w is the algebraic sum 
of the permutations of a product of >i elements 

•••*„.,/. 

obtained either by the interchange of letters, or by the inter- 
change of subscripts,/^' «•**»••' 
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[We must of course remember that permutations of the ecru 
class have the + sign ; those of the aid class, the — sign.] 
The function ajt, — aj>, of the four quantities 
«u 6„ 
«» &» 

is obtained by assigning to a and b written in alphabetical 
order, the suffixes 1, 2, and 2, 1, corresponding to the two per- 
mutations of the numbers 1, 2 (the second term being minus, 
because 2, 1 is odd); and adding the two products so formed. 
Similarly the function 

ai&A - a,b& + aAc, - aAc, + a&c, - ajtf, (1) 
of the nine quantities ^ 

a* l>„ c* 
a» K <» 

is obtained by adding algebraically all the products oJjc which 
can be formed by assigning to the letters (retained in their 
alphabetical order) suffixes corresponding to all the permuta- 
tions of the numbers 1, 2, 3. 

In like manner, we could form a similar function of the 4th 
order, of the sixteen quantities 

a* K c, «4i 

a„ b„ c„ d t . 
These functions arc Determinants according to our first defini- 
tion. In these functions, the quantities Ou h„ c„ </„ «„ etc., 
are called elements, or constituent*. 

6. Second Definition. We see from the foreimini; that a 
determinant embraces a square number of elements, ami this 
leads us to a notation — a square array of the elements bet ween 
two vertical lines, thus: 
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a, 6, c, •« <, 
a, b, c, - It 
a, b, c, - I, 



(1) 



«. 6. C ••• I. 
and we give as our second definition, embodying this notation,— 
fa" determinant of a system of n* elements, which are arranged 
in n rows of n elements each, or n columns of « elements each, 
is the algebraic sum of all_npasible products of it of these 
elements, no two ofwhich belong to one row or to one column, 
the sign of any product being +, if the term is an even per- 
mutation ; — , if the term is an odd permutation. 

7. It follows at once from this definition that a general rule 
for the expansion of a determinant array is : 

"Write down all the products which can be formed by taking 
as factors one, and only one, element from each column and 
each row of the array. Of these products, the number of 
which is fi ! , one half involve the even permutations, and the 
other half involve the odd permutations of the subscripts 
1, 2, 3, ... n. 

Now give to those products the positive sign, if the permuta- 
tions of the subscripts are eren ; the negatice sign, if the per- 
mutations are odd, and take their algebraic sum. The result 
is the expanded form of the determinant array. This method 
of expansion is, however, of little practical value. 

8. Rule of Signs. The diagonal a,bf t ••• I. is called the 
principal diagonal of the determinant. The product a,Vs — '» 
of the letters in the principal diagonal always has the sign +, 
because in this permutation the letters as well as the suffixes 
occur in the natural order. 

To determine the sign of any other product : first, put its 
letters in alphabetical order; then count the interchanges 
necessary to bring the subscripts into the order, 1, 2, 3, 4,v—, 
of the subscripts in the principal diagonal. If they make au 
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even number, the term is affected with + ; if they make an 
odd number, the term is affected with — . 

A better rule is : To determine the sign of any term, count it» 
number of inversions, making the sign jrfus or minus according at 
that number is even or odd. 



EXAMPLES. 

1. What sign is to be attached to the term ajwifjf, in 
the determinant of the seventh order? 

Here four interchanges put the subscript 1 first, then five 
interchanges put 2 in second place, then three put 4 in fourth 
place, then two put 5 in fifth place, and finally one inter- 
change puts G between 5 and 7 ; hence in all there are fifteen 
interchanges, consequently the sign of the term is — . Or, 
more simply, the number of inversions is Id, an odd uumlier, 
therefore the sign of the term is minus. 

2. In a determinant of the fourth order, find the signs of 
the terms : 4 a,b/vk; a,b 4 <y?,; Oj&rV'j! «A<Y'e 

3. In a determinant of the fifth order, find the signs of the 
terms: ajt^,; ajys&r,; MrftrVii <wtf/tf, 

9. Determinants most frequently occur as the result of 
elimination from linear equations. For example, solving the 
two simultaneous linear equations, 

a l z + bj/ = m u 
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The common denominator of these two values of x and y 
is a function of the coefficients of x and y in the given simul- 
taneous equations. This function 



is the determinant of the coefficients o„ b„ a* 6„ and is com- 
monly expressed by the symbol 



I «! <>i I 



(4) 



This symbol is called a determinant array, and the quantities 
a 0 i>i, a„ b, are called element*. (Art 5.) 

The polynomial (.'!) is called the exjiansion of the determi- 
nant Since each term of this expansion is the product of tu-o 
i, the determinant is said to be of the second unler. 



10. From our general theory, as given in Arts. C, 7, and 8, 
wo recognize the equation 

as an identity; but, in practice, we find more suitable rules 
for expanding determinants, and these we shall examine later. 
The first member of the above identity is thus interpreted: 
The determinant array of the second order must be under- 
stood to mean that the product of the elements on the diagonal 
passing from the lower left-hand corner to the upper right- 
hand corner of the array is to be subtracted from the product 
of the elements of the other diagonal. 
Here and elsewhere we use the sign = to denote identity. 

IX The numerators of the fraction's in equations (1) and 
(2) of Art 9 may also lie written in the form of determinant 
arrays. Thus the values of x and y in the given simultaneous 
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5. Evaluate 



0 0 | 
100 50 I 



6. Expand ami reduce I . > Ant. 

siny cosy | 

I — 1 sin n | 

7. Expand and reduce ^ ■ 

I 1 —tana I 

8. Expand and reduce I ( 

9. Expand and reduce | "+J j- 

Solve, by Arts. 9 and 11, the following imnltai 
tions : 

10. Cx + o>/ = 40, 10i + 3>/ = lMi. 

11. 2x + 7y = r,2, 3x-r.;/=10. 

12. 2x-7>j= 8, Iy-9.K=I9. 
"S_, 13 -1 | 
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14. ax-by = c, cx + ay = b. 

12. Again, Bolving the three simultaneous linear equations, 

a& + bj/ + c,* = »«„ 
ctrf! + + = in* 
a& + b# + c l fi = m ) , 

we obtain 

„ „ m#A - m^a + - + "'Ac - aks . . a) 

ff ^ a l b&-a l b& + aj}fi l -aj >l c t + aj> l c 1 -<hb t h 

__ a,M»» - «te + "jfe" 1 ' ~ ft ^'"'» ± - "A" 1 ' • (3) 
«rV»- «M + -<!,&,<% + uA<h - 

The common denominator of these three fractions, which 
express the values of x, y, and z, is the determinant 
I «i &i fi I 

U 4 (4) 

I a, 6, <i | 

The function 

Oi&jCj - «rV» + « AA - "A** + °ihfit - «J>& • • (">) 
is called the expansion of the determinant (4), and since each 
term of this expansion is the product of three elements, the 
determinant is said tcrbe of the third order. 

Note. Such examples as tbe one Riven liere are simply to show that de- 
terminants often occur as the result of elimination. The reailer will learn In 
Chapter III that the process of elimination Is mnch simplified by the nse of 

13. Since the determinant (4) is identically equal to the 
function (a), wc have, arranging the terms of (5) in a' con- 
venient order, 
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la, 6, C| 

«i b, c, = o,V» + afa, + - aj>*i - aj>f t - ajb&. 
I «t 6j c, | 

If a line be drawn through each triad of letters forming a 
term, we have the following diagrams, which furnish an excel- 
lent device for assisting the memory in expanding a deter- 
minant of the third order, viz., for the positive terms: 




and for the negative terms: 




Tn making practical use of these diagrams, it is customary 
to carry out the multiplication as each stroke is made. Xo 
similar diagram exists for a determinant of higher order than 
the third. 
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EXAMPLES. 

Expand by this method the following determinants: 



| -as 2y -tf | 
Evaluate the determinants, 



12 0 3 1 
I 2 6 10 



9. I 9 8 7 I 10. I -1 0 4 | 

I G 5 4 2 3 5 

| 3 2 1 I | 4 6 0 I 

14. The numerators of the fractions in Art. 12 may also be 
written in the form of determinant arrays, and thus we have 
for the values of x, y, and z in the given simultaneous eq.ua- 
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ft, M. 

ft, Ml, 



It may be observed that the n 



15. The solution of the four simultaneous equations 

a,x + b,y + c,* + A,m = »«, 
a& + bji + cj: + <l,w = m, 

lift + bj/ + c 4 ? + d,w = m t 

would show that the values of y, z, and ir are expressed by 
fractions having a common denominator which is a function of 
the sixteen coefficients «,. ft,, c„ rf„ a* — , etc. This function 
is a determinant of the fourth order. We have the following 
identical equation: 



* + «/W'« - tlJwh - «:rVl''< + «.'vv'» 
+ - «rWi - "A'V'i + «A>'V'i 



The solution of five simuli 
five unknown quanti 
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O, i, 



o, tf, t>, 
c, </, e, 



Similarly, the solution of ?» simultaneous linear e 
involving 11 unknown quantities would give rise to a determi- 
nant of the nth order, the expanded form of which contains 
nl terms. The determinant array may be written thus: 

a, 6, c, ..■ ?, 



16. It is evident from the foregoing that the determinant of 
the ntii order involves n* elements, which agrees with Art. 6. 

The horizontal ranks of elements are called toks of the 
determinant, and the vertical ranks are called columns. The 
rows are numbered from the top row downward, and the col- 
umns from the left-hand column to the right. A line is either 
a row or a column. 

In any determinant, the diagonal from the upper lefUiand 
corner to the lower right-hand corner is called the principtU 
diagonal, as we have had occasion to remark, and the other 
is called the secondary diagonal. The terms of the expansion, 
which are the products of the elements on these diagonals, are 
called respectively the principal term and the secondary term. 
Thus in the determinant (4), of the preceding article, n,&jC, •■• /» 
is the principal term, n.f/.-i«.-t ••• ?i is the secondary term. 

17. Another notation for the determinant of the nth order 
is the following: 
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iu which the number of the row is indicated by the subscript, 
and the number of the column by the superscript. 

Another notation, and one that is very much used, is the 
following : 



Here the number of the row is indicated by the first of the 
two subscripts, and the number of the column by the second. 
Thus, the element of the above array is in the third row, 
and the fifth column. 

There are several simpler methods for writing determinants, 
when it is perfectly well understood what the elements of the 
determinants are. 

Thus, if A denotes the determinant (4) of Art. 1">, it may, 
for brevity, be represented in the following ways : 

A = (a,V.-g 

A s :.t,\ (4j 

that is, simply by placing the principal term within brackets. 
The notation 5 ± ri,V.i ■■■!„ is also used to represent A ; this 
expressing its constitution as consisting of the sum of a milli- 
ter of terms (with their proper signs) formed by taking all 
possible permutations of the n suffixes. With this notation 
it (2) of this article would be expressed by 

S±«„a K « ;B -a„ (5) 
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Art. 17 



EXAMPLES. 



1. Expand I s, y, II 

.dm. a;,y, + + ay?, - aw, - a^y, - a^* 

2. Evaluate I 2-1-11 

-3-2 2 
| 2 0 1 I ^n* -15. 

3. Evaluate 13 2 4 1 

7 6 1 
I 5 3 3 I 

4. Evaluate I 2-141 

6 SO 



1-3 4 2| ,k 
Ah*. 20 +184- 96 - (- 60) - 0 - (- 12) = Mr 




In the following examples express the values of x, y, and z 
in the notation of determinants, as in Art 14, and then evaluate 
these determinants by the method of Art 13. 




5. Expand 



6 



6 c 1 



6. Solve the simultaneous equations, 
x + y-z = l, 
Sx+Sy— 6z = l, 
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-4 -1 3 |-4 -1 3 | |-4 -1 

or x = 5| = 2, y=5| = 3, * = ^ = 4. 

7. Solve the simultaneous equations, 

3* + 2y-4a=15, 
5x-3y + 2* = 28, 
-n + 3y + 4z = 24. 

8. Solve the simultaneous equations, 

4x-3y + 2js= 0, 
2* + 5y-3*= 4, 
6y-2* + 5*=18. 

Ana. x = 2,!/ = Z,z 

9. Solve the simultaneous equations, 

3x + 2y+ * = 23, 
5» + 2y + 4«-4fl, 
10* + 5y + 4* = 75. 
10. Solve the simultaneous equations, 
2x-7y + 4* = 0, 
3*-3jf+ z = ■>, 
!)* + 5y + 3* = 2S. 



CHAPTER II. 



From our definitions of a determinant, as given in Articles 
5 and C, we readily deduce the following important theorems : 

18. Theokem. The value of a determinant is not changed 
by substituting the columns for corresponding rotes and the rmcs 
for corresponding columns ; that is, 



a, 6, 4 

a, b, c, 

a, b, c, 

*. b. c. 



/i I, I, 



For, the two determinants having the s 
they will be identical on account of the way in which all the 
other terms are deduced. (Art 8.) 
It follows that any theorem true in regard to the rows of a 
lso true in regard to the c 



19. Theorem. Interchanging any tiro rmcs (or columns) of a 
determinant, simply changes the sign of the determinant; that is, 



a, b, e, • 
a, 6, r, • 
a, 6, c, . 



6, a, c, — 7, 
6. a, c, I, 
b, a, c, - I, 
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Hi 



For this modification amounts to changing the index 1 with 
the index 2, or the letter a with the letter b in the different 
terms of the determinant, and we know that in this case the 
corresponding permutation changes its sign, and hence all the 
terms of the last two determinants will have the same absoluto 
value as that of the first, but their signs will be different. 

20. Theorem. tflKO rows (or columns) of a determinant are 



id is equal to z 




o, 6, c, ... 




*, K c, ... 




«r h C, ... 




«. K C. — 





For, by interchanging the two identical rows, we obtain 



.-. 2A = 0. 
A=0. 



If each element in any line be mutti/itied by 
the same factor, the determinant is nudtiidied b>j that factor : thus : 



ma, 6, c, 



«i b, c, 
a, b, c, 
a, b, c, 



For every term of the determinant must cimta 
only one, element from any row or any column. 
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Cor. L If the elements in any line are tlie same multiple 

of the corresponding elements of any other parallel line, the 
determinant vanishes. 



Cor. II. If the signs of each element in any line be changed, 
the sign of the determinant is changed. For this is equivalent 
to multiplying by the factor — 1. 



.t the following determinant 
4 3 2 1 
8 8 7 2 
16 2 8 4 
0 3 3 

When the elements of the first column are 
they become identical with those of the last c 

2. l'rove the following identity : f 

2 0 10 2 1 3 5 ■» 

SO 16 3 1251 
24 43 " 2443 
5 2 2 1 5 2 2 1 

3. Show that the following determinant vanishes: 
2 0 4 0 1 

1 3 0 2 7 

2 4 13 2 
2 0 4 
5 3 7 
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4. Prove the identity : 

Ira 6 6* | = | 1 6' b* I 
| ab e <? | | 1 <* <?\ 

Represent tlie first determinant by A, and multiply tlie rows 
by o, 6, c, respectively. We have then 

a6cA = | abc fr< &» J; 
I abc <* * | 
and, dividing the first column by abc, the result follows. 

5. Prove the identity 



" 6. Prove 



0y8 « «' 


a 3 




1 «» «» «' 


yS« P F 


ff 




if??? 


Sap y y» 


■f 




1 / / y< 


«j8y 8 S> 


V 




1 S» S< &' 


1-4 -3 


s 


■ 


1117 1 

2 2 3 8 


1 6 5 


-t) 




1 3 5 9 | 



7. Prove the ideutity: 
II 1 1 I 

\* p y =0»- yMy -«)(«- £>■ 
L' /? y«_ 

Since if fl were equal to y. two columns would become iden- 
tical, j8 - y must be a factor in the determinant. Similarly, 
y - « and a-P must 1* factors in it. Hence the product of 
the three differences can differ by a numerical factor only 
from the value <ithe determinant, since both functions arc of 
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the third degree in a, /?, y; and by comparing the term /}y* we 
observe that this factor is + 1. 

Note. If the It 

es 7 and 8 belong to a class of functions called " alternating," i 



my pair whatever of it) variables change) the sign only of the/unction. J 



y'x + fz+z'y, 
*y + y*x+z% 

and, though these are all equal to each other, no one of them is equal to the 
original function. We observe from tills instance that asymmetrical func- 
tions have a property, which symmetrical functions have not, of assuming 
when the variables are interchanged: thus xhj + yH + x'x is 
to ■lifferent values under this treatment, and is called a two- 
. The study of algebra from this point of view has developed 
into a oeauiuui branch of modern algebra, known as the theory of submitu- 
tioiu (or tlie theory of group)).* 

8. Prove similarly the identity 
1111 

* J / 1 =-(^-y)(«-S)(y-«)(^-S)(«-/3)(y-S). 
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9. Reduce the following determinant to one in which the 



Since 20 is the least common multiple of 2, 4, in. r>. it is 
sufficient to multiply the columns in order by 10, ~>, 2, 4 ; we 
thus obtain 

20 20 20 20 I 



70 10 10 20 I 
30 0 2 10 | 

Taking out the multiplier 20 from the first row, 10 from the 
third row, and 2 from the fourth row, we get finally 



! 6 G 
8 4 



22. Determinant Minors. It is evident from the notation, in 
a square array, of a determinant of the nth order, that the 
suppression of j> rows and of n columns leaves a square run- 




24 



THEORY OF EQUATIONS. Art ±2 



ag no more than n — j> rows and » - 
n a series of determinants of lower order, which we c: 
ra of the primitive determinant. For example, in 



a, b, c, - I; l t 
a, b, c, «■ k s I, , 

«. b. c. *. I. 



s suppress the row and the column which contain the 
snt a, ; it will become the determinant of the (n — l)th 



which is called the Jtrat minor of A with respect to the ele- 
mental,. 

As wc can repeat this o]K>ration on each element, a deter- 
minant of the iith order has as many /rat minora as it contains 
elements. 

We designate these gene-ally by the large letters A, B, C, • 
written with the same index as the corres]>ondiiig element. 
These, arranged in the order of the elements, form the follow- 
ing table: 

-1, B, C, - Ai L| 
A, B s C, - K, 1^ 



A. B. C. - A". /,. 

When we suppress any two rows and two columns, the 
remaining determinant of the (n — 2)th order is called the 
aecond minor of the original determinant. 
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By omitting, for example, the first two rows and the first 



c, fl, ■•• k, I, 
c, ,1, ... *« I, 



e determinant 

la, b, I 

I «» &» r 

and the determinant of the (u — 2)th order which precedes is 
the second minor of A with respect to a deter minant o f thr 
second_OEkl. 

In general, by the suppression of p rows and of p columns, 
we get a determinant of the (» - j>)th order wliich we call the 
jithmi nor of A co rresponding to_a determinant of the j>th 
^o rdei~ formed by thTelements common to the rows and col- 
„ ,„„„j The minor thus formed is said to be «mm- 



^'23. Development of a determinant accortliwj to the element* of 



a imir ami of a column. 
Take the detenninant of nth order. 



The different terms of A which contain the element «, are 
obtained by forming all the possible p it t of the other 
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elements, which gives the deterDiinant of (n — l)th order, 
2 ± *A — fc._ii„, resirhiiig/from the suppression of the first 
row and the first column* The determinant A will contain 
then, first, a series of tends having u, as a fac 

Interchanging a and b, this becomes 

- 6,5 ± Ofjl, — ^ 

for all the terms containing b t ; the sign - 
of a and b. The sn 

d by omitting the first row aud the second column, 
ig b into e, we get, similarly, the expression 

which would represent the series of terms having c, as a fac- 
tor; the sum 2 designating the determinant arising from the 
suppression of the first row and of the third column, and so on. 
All the terms containing I, would be represented by 

(-l)v!s±«Ar < «.*^ 

Now, by definition, the ^ums which accompany the elements 
a„ — 6„ +c„ — (— 1)"7, are the £g&jB}»nr* with respect to 
these elements. Therefore, we have the following formula: 

A = M, + WB, + e,C, + ». + f.L,, T't' . (1) 

with the condition, that, according to the composition of the 
determinant, we mflst attribute V the minors signs alternately 
positive and negativcaMWAUig «i><^kU fr^ -V 

The number of terms in the second member of this equality 
is evidently 

,.(1.2.3...«^1) = »!, 
the same as the number of terms in the 
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Following the same reasoning, and interchanging successively 
the indices two and two, we arrive at the similar relation 

. en 

where we must give to the minors the signs alternately + 
and — . This formula gives the development of A according 
to the elements of the first column. 

It is evident that there exists a similar development for each 
row and for each column. Finally, to fix the sign of the 
minors in each formula, we move the row, or the column that 
we are considering, to the first place by the interchanges of 
the rows or columns, in observing that the determinant changes 
only its sign for an odd number of interchanges, while it pie- 
serves the same sign for an even number. Thus, 

A = "StA, + 6 a B 4 + efi, + ••• +l,L, ... (3) 

A = 0,-1, + b,B s + c,C, + •••+/,£,; ... (4) 

in formula (3) we would alternate the signs commencing with 
the sign — for A,; for, to lead the second row to the first 
place, one interchange of two rows suffices; in formula (4) it 
is necessary to commence with the sign + for A :: . since two 
interchanges of rows are required to lead the third row to tin- 
first place; and so on. 

24. Let us apply these principles to a determinant of the 
third order: 

A = I a, b, c, I 
«« >>, c. 

I <h h c r | 

Expressing the minors with their proper signs, wo have 
A=a J J 1 -6,7J 1 -rC,C 1 =-a^ s +6 s B s -c a C' 4 ^« a .l,-'<:./;., +<•/', 
*=a l A i -a,A,+a,A 3 =-b,li,+bJh-b 3 K=e,(\-cJ\+cJ , y 



THEORY OF EQUATIONS. 



or, replacing the lnino 


•s by their values, 




^ Hi 








1 b. 

s -H I 


:ri: 




— c\ a, 

1; 














<h 




C, | | Oj 


c, 








Cl 


1 


s Hi 


c, | - o, j 6i 








c, 1+ 6,1 a, 
4 I | «. 


c' 


1 «> 




6, 1 - Cs| a, 




+ l: 


■ h: 


6, 1 1 a, 


t 




By virtue of what precedes, we 




operate « 



ascertain the sign of a minor with respect to any element. 
For example, let it be proposed to find the sign of the minor of 
(? 4 in a determinant of the ?ith order. Proceeding on the first 
row from a„ alternating the signs until we get to the column 
of the d elements, we reach d, with the sign — ; we descend 
then the column of the d elements, changing the sign each time 
that we cross a row until we arrive, in this manner, at d, with 
the sign + ; therefore the minor of <f 4 ought to be affected 
with the positive sign. 
Again, let the determinant be represented by 

«.■ «u «h. 

"a «a Oj. 



B 1 
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and let us seek the sign of the minor relative to the element 
a u . To this end, we must hy the interchange of rows and 
columns lead this element to the first place. Hy / — 1 inter- 
changes of two consecutive columns, the clement a u will 
occupy the first position in the A-th horizontal line; then by 
k — 1 interchanges of rows, this element will take the first 
place in the first row. All these operations amount to multi- 
plying the determinant by (- • or (— The sign 
of the minor A u will therefore be positive if the sum of the 
indices of the element a u is even, and negative in the con- 
trary case. It is useful to observe that the first minors of 
the elements of the diagonal are all positive. 

The preceding developments lead to important consequences 
which we shall now give, for brevity making use of simple 
determinants in illustration. 

. 25. Theorem. When all lite elements of a row or of a col- 
umn are zero, the determinant is equal to zero. Thus 

I a, b, c, 1 = 0, 10 2i, c, 1 = 0, 
a 2 6s c,\ 0 b 3 c 3 \ 

| 0 0 0 | I 0 6, c, | 
for all the terms of the development according to the elements 
of these lines become zero by the presence of the factor zero. 

26. Theorem. When each of the elements of a row (or 
column) is zero except one of them, the order of the determinant 
is loicered by unity. 

We have, for example, 

In, 0 0 1 = a,A, + 0 . A, + 0 • A, = a, I 4, o, I 
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27. Theorem. A determinant is reduced to its principal 
term when each of the elements on one side of the diagonal is 
zero. For, taking a determinant of the fourth order, we have 
successively 

a, 0 0 0 

a, b, 0 0 

a, 6, c, 0 

a, b t c, d t 

This appears at once from equation (1), Art. 23, where all the 
terms, except the first, have zero for a factor, and therefore 
vanish. 

x 28. Theorem. To multiply a determinant by p, it suffices to 
multiply the elements of a row or of a column by this factor. 
We have 

I pa, pb, pc, I 

p ■ A = pa,A, + 1)0,1}, + pc,C, = \ a, b, cA 
I «» h c, | 

29. Tf, in one of the developments 

a,A, + b,B, + c,C, + -+l,L„ 

Ave replace the elements, «„ b„ c, — 1„ which appear here by 
those of any other row, the result is zero; the same is the 
case, if in one of the expressions 

we replace the elements by those of another column. For, in 
substituting, for example, in the place of the elements «„ b„ 
c„ ••• /„ those of the second row b„ c s , ••• /» the expression 

a,A, + b.ll, + + ... + l,L„ 

represents the. determinant obtained by this substitution, the 
coefficients -l„ //, ••• L, lieing always the minors of Ihe first 



= a,| b, 0 0 =0,6, 4 0 |-a,twf, 
U c, 0 | c, d. I 

| b t c, d t | 
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row; ami this determinant is zero, since it coutuius two 
identical rows. 
That is, we have 

+ MA + e,C\ + •••+/,/., -A, 
M, + n s J a + + ... + ujj, = a, 
bat cuA, + b.H, + efi, +■■■ + l^L, a 0, 

Hud other similar relations. 
In general, the expression 

a ,A l + b,D J + c l V J +- + lJ. l 
represents the determinant A, if j = i; and is zero, if j is 
different from /, 

Cor. With the notation with two subscripts, for a determi- 
nant of the nth order, this property is expressed thus: the 
developments 

«!>■>• In + Ofi-l* H + «»-'«» 

represent the determinant A, when ./ is a iiumlier of the series 
1, 2, 3, — w, and equal to t; wliile, \fj is different from /, they 
equal zero. 

30. We can always raise the order of a determinant without 
changing its value. Thus, after the preceding properties, we 
have the equalities 

| O, 6, | = I 1 0 0 = 1 x 9 ' = 1 (i 0 •> 

| 9 a, b s 0 a, h. ,j t ii, 

and so on. The elements x,;i,z,t,u being any quantities 
whatever. 
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31. Development and Evaluation of Determinants. The funda- 
mental formula 

A = a,^, + 6,B, + CjO, H h /,L| 

enables us to replace a determinant of the Hth order by an 
expression containing only determinants of the (» — l)th order; 
in this last we can substitute for A„ B„ C„ •■• expressions con- 
taining only determinants of the (n — 2)th order ; in continuing 
in this way we finally arrive at the value of the determinant A. 
It is necessary to give some applications to indicate the steps 
in the different cases that may present themselves. 

As we have seen, determinants of the second order are calcu- 
lated directly. We have 

II £ | 

For a determinant of the third order, of which all the ele- 
ments are different from zero, we would take, for example, the 
formula 

la, 6, c, I =a, I 6, c, I -a, I 6, c, I + a, I 6, c, I 
«t 6. c, | b, c, | | b, c, I I b, c, | 

I <H h <± \ 

EXAMPLES. 

1. I 1 2 3 1 = 113 4 1-2 12 3 1+3 12 3 1 
234 | 4 5 | | 4 5 | I 3 4 | 

I 3 4 6 | 

l-2(-2) + 3(-l) = 0. 

LUftl|-4|ftl|-4|ftl| + %|ftl| 



= *. Cfc - y>) + *.(;/> - y,) + y s ). 



PROPERTIES 




9. Develop 



1 0 n 0 
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32. Laplace's Development, — Development of a Determinant 
according to the Elements of Two Rows or of Two Columns. 

Take the determinant of the »ith order: 
a, 6, o, ... /, 
«, *, . - I, 
A = 0. I>, c, - I, 



Let us consider the principal term of A, afi/tfl, ••• f„; to this 
term there corresponds another, -uAv'i-'b arising from 
the interchange of the letters « and 6. Uniting these two 
terms so as to put their common factor in evidence, we have 

i:ik* - ■ 

Let a and b be fixed, and form all the possible permutations 
of the other letters, c, d, — /, then the terms of A, which have 
as a factor the determinant (fi,l>,), will be represented by 

(«i6,)2±cWA'"t 
The coefficient of (a,4j) is therefore the second minor of A 
obtained in suppressing the rows and columns which contain 
these elements. We reach an analogous conclusion for the 
coefficients of the determinants of the second order 

which result from the combinations two and two of the ele- 
ments of the first two columns of A. In calling the second 
minors li m /?„, etc., wc find the following development : 
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A = (afi^B a + («fi,)B a + + («,6JJ3i. + (aJ.JIL, + ... 

+ («~Aj 

The number of terms of the second member is represented by 

2i!i^|li(1.2.3...(»-2)) = »! 
as it ought to be. 

It is important to remark that, in the preceding formula, 
it is necessary to attribute to the second minors a sign in con- 
formity with the value of A. 

In the first place, the second minor B a ought to have tin- 
positive sign. Finally to fix the sign of the others, it is neces- 
sary by the interchange of lines, to lead the coefficients of the 
determinant of the second order to the first two plans, in 
preserving always the order of the indices. Thus, the second 
minor B a would be negative, because one interchange of two 
lines is necessary to lead «„ b 3 to the place of «* 6,; the minor 
Ba would be positive, for there is necessary one interchange 
to lead Oj, 6, to the first tow, and another to lead «„ h, to the 
second row. And so on for the others. 

Using these principles, let us develop the determinant of 
the fifth order: 

«i &i fi <'i ?i 
a, 6, c, (?, e, 
A = 0, - b, t, d, e, 
«. <ji c, rf, <■, 

«. b f Cj ll s ^ 

according to the elements of the first two columns. It will 
become, with the abridged notation (Art. 17), 

+ («A)(c 1 <W-(<,A)(c l -7/ J )+(.«A)(c,''/',)-l-(<< J '',)W'/'-) 
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The same mode of development exists relatively to any two 
rows or any two columns. 

This development may be applied to the calculation of a 
determinant of the fourth order, the expansion giving only 
determinants of the second order. We have 



o, 6, c, d, 



a, b, c, d, 
a, b, c, rf, 
a, b, c t d, 
1. For example, calculate 



= (<¥'«) - M (MO + (M.) (V«) 



0 3 

1 6 



Developing, as above, we have 



= 14 • 33 + 1 • 
I. Calculate 



b, 0 
b, c, 



0 + 7. 6-6.6 + 7. -10 + 3. 8 = 



+ 12 -II. I 0 2 1 =-68. 



Art. 32 PROPERTIES OF DETER31IXAXTS. :J7 

The following example illustrates how the operation may lie 
shortened by first bringing the ze 
positions. 



I a, </, 6, c, 
|a» <1> 6j c, 



a, 6, c, <h 




0 /«.,(-,. 0 


0 (I /, 2 c. 


a* 6, c, rf, 


~ la, d, 6, c, 


0 b, c< 0 


|o 0 6, e, 



5. Prove the identity 



a, c, 
a, 6, c, 
o» 6» «j 



0 0 0 



«i A yi 
«t A y« 

«. A 7, 



I «i A yi 
«, A * 
I «. A y» 



This appears by expanding the determinant in terms of the 
minors formed from the first three columns, for it is evident 
that all these minors vanish (having at least one row of ciphers) 
except one, viz. (a, b, c,). 

In general it appears in the same way, that if a determinant 
of the 2 with order contains in any position a square of m' 
ciphers, it can be expressed as the product of two determi- 
nants of the mth order. 

This is known as Laplace's Method,* and can readily In- 
extended to the general case. Let any number p of columns 
be taken, and all possible minors formed by taking p rows of 
these columns. Each of these minors is then to lie multiplied 
by the complementary minor, and the determinant expressed 
as the sum of all such products with their proper sijjns. 
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ADDITION OF DETERMINANTS. 

33. Theorem. If every element in any roio (or column) can 
be resolved into tlie sum of two otherfy the determinant can be re- 
solved into the sum of too other). i\ 

Suppose the elements of tlie first column to be «,+«„ a,+ «» 
« 3 + «» etc. Substituting these in the expansion of Art 23, 
equation 2, we have 

A = («, + «M + («i + a,) A + («j + «a) A, + etc. 
= a, A, + atA, + a,At + — etc + u,A, + Ms + «>A, + etc. ; 



o, + «i 6, c, — 
<«, + «, b, c, ... 
a,+ <h b, c, ••• 



a, 6, c, 



«i 6i c, 
«, 6, c, 
«s &» c, 



which proves the proposition. 
Similarly, the determinant 

I Ih + Pi c, I 

a, + «j c, 
I 03 + «» + A c, I 
is equal to the sum of the four determinants 
+ («M) + («i&c 3 ) + 
In like manner it follows that if each of the elements of one 
column consists of the algebraical sum of any number of terms, 
the determinant can be resolved into the sum of a correspond- 
ing number of determinants. For example : 



I «,-«,+«,' 6, 4 1 I Oi &i Ci I I «, b, c, I I «,' 
\«t— b» «s = «s Ci — «a ''s <"s + «j' 6s 
I «,-«,+«,' ft, ej | a, 6, c,| \ a, b, c,\ \ 6, 



6, c,| 
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And, in general, if A one column (or row) consists of the alge. 
braic sum of nt others, a secoiul column (or row) of the sum of 
n others, a third of the sum of p others, etc., the determinant 
can be resolved into the sum of mup etc., others. 

34. Theorem. If the elements of one row (or column) un- 
equal to the sums of the corresponding elements of the other rows 
(or columns) multiplied by constant factors, tlie determinant van- 
isltes. 

For it can then be resolved into the sum of a number of 
determinants which separately vanish. For example, 

I mai + nb, a, 6, I I a, a, 6, I I b, a, b, 

MtOj+n&i a, M = m a, a, 6, I + H I b, u, '< s . 

| ma 3 + )/6j «-j 63 I | «s <h b, \ | h, a, ft, 

and each of the latter determinants vanishes (Art. 20), 

35. Theoeem. A determinant is unchanged when to each 
element of any row or column are added those of sereral other 
rows or columns, multiplied respecticehj by constant factors. 

For when the determinant is resolved into the sum of others, 
as in Art. 33, the determinants in which the added lines occur 
all vanish, since each of them must, when the constant factor 
is removed, contain two identical lines. 
Thus, for example, 

I «, 6, c, I I «, + mb, + uc, 6, c, I 
a, ft, c, = «, + mb, + hi-, b, c, . 
I « 3 6j C 3 I I « 3 + JH&j + uc 3 b 3 c 3 I 
This is evident since, when the second determinant is 
expressed as the sum of three others, the two arising from 
the added columns vanish identically (Art. 34). 

This proimsitiou will be found very useful in the evaluation 
of determinants. 
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EXAMPLES. 
1. Find the value of the determinant 



2 3 
| 3 4 



Subtracting the elements of the first column from those of the 
second, and three times the elements of the first column from 
those of the third, we obtain 



which is identically equal t< 



7-205 
19 0 -2 17 



I 19 -2 171 
.21—7 5 -2 =-972. 



3. Evaluate 
7-205 

-2 6-2 2 
0 -2 5 3 ° 
5 2 3 4 12 0 3 9 1 " ° 
Here the first transformation is obtained by adding to the 
second row three times the first, subtracting the first from the 
third row, and adding the first to the fourth row. 

4. Calculate the determinant 



12 C 7 9 



13 3 2 16 
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The first sixteen natural numbers are arranged here in what 
is called a " magic square," i.e. the sum of all the figures in 
any row or any column is constant In general, for a square 
of the first n* numbers, this sum is \ n («' + 1). Determinants 
of this kind can be at once reduced one degree. 

Here adding the last three columus to the first, and sub- 
tracting the last row from each of the others, we have 



1 16 14 4 



0 12 12 -12 
0 3 5 -7 
0 7 9 -11 



= -34x12 3 5 -7 
|- 0 -ll| 



and subtracting the second row from the last row, it is evident 
that the reduced determinant vanishes; hence A = 0. 



5. Calculate the determinant formed by the first nine natural 
a magic square : 



4 6 4 
I 6 12 4 I 



7. 


0 111 




0 10 0 




1 0 «• y» 




1 0 z> y> 


A = 


1 z« 0 x> 




1 *» -z' srW 




1 f * o 




1 </ «*->■ -f 



Here, to obtain the second determinant, v 
second column from each of the following on 
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g the first n 



following, we find 

I 1 * * I 

is- 0 -2z> =- 

| 0 3?-y>-# -2f I 
= (»» + *»-*»)•- 4 jrV 
= (j» + 2» - a? + 2 yz) (f + * - a» - 2 j*) 

=-(»+y+*)(y+«-!»)(*+!t-y)(!»+y-«). 

8. Evaluate the determinant 
1 1 1 



1-1-1 5 
3-3 3 -15 
1 1-1-5 



2 2 s I 



0 2b c+rt d+p 
0 0 2c (l+y 



I 6 « 

,1hs. S. = a* + V + <*-2bc-2ai 
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MULTIPLICATION OF DBTERMIXAXTS. 

3& Theohem. The prothtet of tiro determinants of any order 
it itsdf a determinant of the same order. 

We shall prove this for two determinants of the thinl order, 
and, from the nature of the proof, it will be evident that it is 
equally applicable in general. 

We propose to show that the product of the two determinants 

,1 = and B = («,&*) is Pm 

I «.«■ + Nft + «iyi a,«, + bfi, + e ty . «,«, + bfi, + e,y, I 

<V«, + 6A + c,y. + bA + <*y. + <-A + <*ft 0) 
I «3«i + + c,y, + b& + e,y, «,«, + fcft + (•#, | 

whose elements are the sums of the products of the elements 
in any row of (afi^c,) by the corresponding elements in any row 
of («ifty,). The determinant P can evidently (Art. 33) lie 
expanded into the sum of twenty-seven others. 

The following proof of this theorem is derived from Laplace's 
method of development already explained (Art. 31'). 

The product of the two determinants, .1, B, is (see Ex. 5, 
Art. 32) plainly equal to the determinant 

a, b, c, 0 0 0 

<<t b, c, 0 0 0 

<h b, e, 0 0 0 

_1 0 0 «, «, «, • • • • V-l 

0-1 0 ft ft A 

0 0 -1 y, y, y, 

In this determinant add to the fourth column the snm of the 
first multiplied by «„ the second by ft. and the third by y,; 
add to the fifth column the sum of the first multiplied by u a 
the second by ft and the third by y 3 ; and add to the sixth 
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column the sum of the first multiplied by «„ the second by ft, 
and the third by y 3 . The determinant (2) becomes then 

b, c, a,«,+l> 1 ft+c 1 y 1 a 1 «,+& 1 ft+c,y, a,« J +& 1 ft+c l y, 
b, c, (*«,+Iy8 I +e 1 y, <V«i+Oift+c,y. a*h+l>&+c,y, 
b, c, a^+Ojft+cy, <V<j+&sft+Csyi a^j+&,ft+Cjy a 



And this is, by Ex. G, Art. 32, equal to the product, with 
the proper sign (which in this case is evidently -), of the 



0 (which is equal to -1) 



by the complementary minor, which is the P of this a 
Hence, the theorem 



Cor. Two determinants of different orders may be mi 
plied together by raising the lower determinant to the oi 
of the higher (Art 30), and then applying the above r 
Thus : 



0, 


6. «U 


10 0 


a, 


b, 4 X 


0 x, y, 


«3 


&» e» 1 


0 as, y, 


«■ 


Vi + CiZ/i 


6i*t + Ci2fc 


«. 


Mi + Wi 




«3 
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37. Ei'LER's Tiikorkm. Tile product of tuo numbers, emh 
the sum of four tr/uart*, u itstlflhe sum of four ttjuures. 

By Laplace's method of development, we readily prove the 
ig identity : 

= (a« + ^' 1 + C + rf») , . (i, 



= («* + ^ + y» + S0' • (2) 



-d -e b a 

* p y i 
~P a -S y 
-y S « -/3 
-S -y P a 
Now multiply e 

Letting a« + bp + cy + dS = A, 

-ap + ba-ct + dy = B, 
-ay + W + ca-dp=.C, 
-at-by + cp + du = D, 
the product of the left-hand members may be written : 
-(A'+Jt+C + I*)' 

A -D C 
I) A —B 
-D -C B A 
Therefore 

(a . + f + <* + (P) («« + p* + y> + $«) = (. 1' + If + O + m 
which is the theorem* 

•TW» theorem b due to, •od Denied tiler, the Swt.. metbemetlcbo l.ror.hor.1 K.fcf 
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EXAMPLES. 
1. Find the product of the two determinants 
II a, 6, I 1111 



2. Find the value of I «„ a a a a 12 

"a "a «» 
I «a «« «a I 

3. Find the product of the two determinants 

13 10 0 10 2 



2 2 2 



0 2 0 1 



38. Rectangular Arrays. Arrays in which the number of 
rows is not equal to the number of columns are called rec- 
tangular. The common notation for rectangular arrays, or 
matrices, as they are called, is : 



II b ' II 



II «-' &l <* II 



Rectangular arrays do not themselves represent any defi- 
nite function j but if two such arrays of the same dimensions 
are given, we can derive from them by the multiplication 
theorem of Art. 36 a determinant whose value we proceed to 



(1) When the number of columns exceeds the number of rows. 
Theorem.* Tlie "product " of Uco rectangular arrays of the 
same dimensions is equal to the sum of the 2>roducts of ail possi- 
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ble determinants tchich can be formed from one array (by takim/ 
a number of columns equal to the number of runs) mnlti/Jinl by 
the corresponding determinants formed from the other unity. 
To prove this, take any two rectangular arrays, 

1:2:11 • 

and perform on these a process similar to that employed in 
multiplying two determinants. We thus obtain the deter- 
minant 

I + Mi + dyi + + Ms + c,y s + d,S, I 

I «s«i + Mi + c m + <?A (Vi, + Jy8, + C& + d& | 
The value of this is easily found to be 

(«,&«) (Ms) + («.*) + («.".) («A) + (to) O8.v0 
+ (M s )(M) + 0vy(yry- 
Hence the theorem. This proof can be easily generalized. 
(2) IKfcea the number of rows exceeils the number of columns. 
Theorem. In this case, the determinant resulting from the 
multiplication (so called) of the tteo arrays vanishes. 
Take, for example, the two arrays, 

II bl II ll "' ft ll 

«. 6. (1). «« A (2). 

|| <h h || !| a, & II 

Performing the process of multiplication, we have the 
determinant 

I «,«, + bfi, «,«, + Ms + Ms I 
W + JJJi "sfs+Ms «/«.. + Ms 

I «»«■ + Mi « a «s + Mi + Mi I 
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This determinant is obviously the same as would arise if a 
column of ciphers were added to each of the given arrays, and 
the determinants so formed then multiplied. It follows that 
the determinant vanishes. 

Iu an exactly similar way, we can prove the general theorem. 

EXAMPLES. 

1. From the two arrays 
1111' 



+ fi + y |=(«_ / S)»+(«-y)'+03-y)«. 



|« + /3 + r if + p + Tf 
2. By squaring the array 

(a'+ft'+c*) (<P+e>+r)=(ad + be + c/)'+(ae - bd)'+(cd~ «/)' 

HV-cey. 

39. Reciprocal Determinants. The Jir*t minors (with their 
proper signs) A,, JS„ <?„ ••• .4s, B„ etc. (Art. 22), which occur 
in the expansion of a determinant are cs "' 



the inverse or reciprocal of the o 



Theorem. TAe reciprocal of any determinant of the nth order 
is equal to tlie (» - l)th power of the given determinant. 
Let the reciprocal of A be denoted by A', and multiply the 
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r.i. 
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b, c, 1 


I 




C 






*, c.1 




11, 






1 <h 


b, c,\ 


1 -t 




Cs I 





All the elements of the resultiug determinant e* 
in the diagonal vanish (Art 20); and the result is 



AA' = 0 A 0 =A>; 
I 0 0 A | 



From the nature of the above proof, it is evident that the 
process here employed in a particular case is equally appli- 
cable in general; giving for a determinant of the nth order 



EXAMPLES. 
L If A' = the reciprocal of the 



3 14 , show that A 



and, hence, verify the formula A' = A». 
2. Form the reciprocal of the determinant 
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APPLICATIONS AND SPECIAL FORMS OF DETER- 
MINANTS. 

APPLICATIONS OF DETERMINANTS. 

In Arts. 9, 11, 12, and 14, we have seen how the work of 
solving simple linear equations of two or three variables may 
be abbreviated by the use of the determinant notation. We 
shall now extend these principles, and proceed to investigate 
some of the fundamental properties of systems of equations. 

40. First, taking a special case, let it be required to solve 



o,V + a,"x" + a,' V" = «, 

o,V + <«" + «,'"*»'=«, (1) 

a,W + a,"x" + a," V" = « 3 
I a,' a," a,"' I 

A = a,' «," «,'" (2) 

I a,' a," «*'" \ 
is called the determinant of this system of equations. 
By Art. 29, we have : 

AV' + -V< + ^V = 0, (3) 

AM" + AJa,"' + AW' = 0, 
If now we add the equations (1) after having multiplied 
them respectively by .1,', A s ; A,', the coefficient of x' would 
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become A, and those of x" ami l«come zero, Hence »•« 
have 



a, m 

"«,' a," « s '" 
« 3 ' «," «,"' 
The values of and x"< may be found in the sa 



41. Let the given system of simultaneous linear equations bo 
o,V + tti'V + ••• + «, m a"> + .» + o,«">J!<" = «, 
OjV + aj'x" + «. + « s <"j;"> + ... + a/"'* 1 "' = «, . . (1) 

a.'xf + «„'V ' + • • • + a„< V» + • • ■ + a.<" >*>* = ... 

where the number of unknown quantities is the same as the 
number of equations. Let us form the determinant of this 
system of equations 

o» < - «*'" - 



and let A t "> be the coefficient of «,<" in this determinant. 



(3) 
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AW + AFaf* + ... + A'V + - + A <0 «. w • 
is equal to A for j = i, and is zero for all values of j d: 
from L (Compare Art. 29, Cor.) 

If now we add the equations (1), after having multiplied 
them respectively by 

A?>, Ajo, - Af>, 

the coefficient of xf> is equal to A, and those of all the other 
unknown quantities vanish. We have therefore 

As"> = Af'ut + AjH 2 + - + AJ'hi. 

•• ai"~ v «i «i (tt " — 



a.' •••«,<«-•> «. a.™ 



the second member being what A becomes, when we replace 
the coefficients 

a,<", a,«>, ... , a.™ 



As long as A is different from zero, this formula gives for the 
n unknown quantities finite and determinate values. 

Cor. If, for brevity, we denote the numerator of the frac- 
tion giving the value of a*" (Equation 4) by Sf", then, with this 
notation, we would have : 

v r dJr \« 

»' = -, x" = —,... a;<» = — . 



Art. 41 APPLICATIONS OF VETEIIUIXAXTS. 53 



If A = 0, and at the same time 8'= 0, 8" = 0, etc., then the 
values of the unknowns are indeterminate. This would be 
the case if «, = 0, «, = 0, — it. = 0. 



EXAMPLES. 
1. Solve the equations 

x+y+z+t +t<= 5 

x+y+z+t+v= 3 

x+y+z+u+v= 1 

x+y+t+u+v= 7 

x+z+t +u+v= 9 
y+z+t+u+v=U 

Here there are six equations and six unknowns, an 
not zero, as we find by calculation, there is a solut: 
first calculate A. and then the determinants which we 
8« 8„ 8„ S„ 8„, 8, 



1 1 0 



10 1111 
0 11111. 



10 0 0 0 1 - 



0 0 -1 0 0 0 
0 -1 0 0 0 0 
5 5 1 3 2 1 
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In reducing this determinant, w 
pie of Art. 35. As a still i 



i have employed the princi- 
of the ready 



application of this principle, we give the steps in the calcu- 
lation of S, 



5 11110 



5 1111 



10 0 0 1 



10 0 0 1 



5 11110 
2 0 0 1 -1 1 
0 0 0 0 0 1 

6 0-11 0 1 
8-1 0 1 0 1 

10 0 0 1 0 1 



7 112 0 
6 0-110 
8-1 0 10 
10 0 0 1 0 



8-11 =- 21 0 4 = + 
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Similarly 

8, = +l, $= + 31, S. = + 21, S. = +ll 
Therefore we have 

x 31, 'J = -11, z=i, f = GJ, «=41, v = 2i. 

2. Solve the system of equations, 

-*i + *. + .r J + * ( = 8, 
x, - x, + x, + r, = 6, 
a, + + = 4, 
x l + x i + x t -x i = 2. 

3. Solve the simultaneous equations 

x-2y + 3z= 6, 
2x + 3y-4z = 20, ' 
3x-2y + 5z = 26. 

' 42. Number of Equations Greater than the Number of Un- 
knowns. In this case where the number of equations in a 
given system is greater than the number of unknowns, it will 
not, in general, be possible to solve the system. Whenever 
values may be assigned to the unknowns which will simul- 
taneously satisfy all the equations, the system is said to Ik- 
consistent. The consistency of any such system must obviously 
depend upon some relation among the coefficients. 

We shall first find what this relation is for the simple case 
where we have three simultaneous equations involving only 
two unknowus. 
Let the given equations be 

ai *> + b<c" = k t (1. 

<& + bj*" = k; (2. 

a*' + &,*" = *, (3) 
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x"= 



Since the above system is to be consistent, the 
unknowns obtained by solving any two of the 
satisfy the third equation. 

Solving equations (!') and (3), we get 

|», 6,1 16, ft, I 

I: ill: si" 

Substituting these values of x< and x" in equation (1), 
reducing, we get 

0,11k *, 1-6,10, + 6,1 = 0, 

K i.l I* *»\ Um 

or I a, 6, fc, I 

a, 6, ft, =0, 

which is the condition of consistency of the three given ec 
tions. For example, the system of equations 

6x'+ as" = -7, 
5x'-10x"= 5, 
ix<+ 3x" = -7 
is consistent, because we have 

16 1-7 1 



43. AVe shall now take up the general case, and investigate 
this relation in the case of (n + 1) linear e. 
n unknowns. 

Consider the following system : 
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a,V + a,"x" + ... + „,"•>*"•> =„, 
a,V + <'*" + ... + «/»>*"•> =«, 

• • ■ (1) 

a.V +«„"*" + ... + a.*"*"° =«. 
«„+.'■*' + «.+."*" + - + «. + . , "^ < "' = x. + . 

Since the above system is to be regarded as consistent, the 
values of the unknowns obtained by solving any » of the 
equations must satisfy the remaining equation. 

Solving the last n equations by the method of Art. 41, we 
obtain, after permuting the column, »„ w s ... till it occu- 
pies the last position, and having regard to the proper signs: 



^■(-ly^ , , „ 



n.+i" I 



a," •••«,<•> 
a,'" - <!,'"> v 



*"=(-!)"-•- 



a,' -a,'"-" h, ! 
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Substituting these values in the first equation of system (1), 
clearing of fractions, and reducing, we obtain 



a,' 


■ • «,<"> 
.. a,<"> 








«. 



which is the condition of consistency, giving the required rela- 
tion among the <•< 
When the ec 

the tlimimnt or resultant of the system, because it is the 
result obtained by eliminating the unknowns from the given 



case, is the 



We should observe that the resultant, in this 
determinant of the coefficients and absolute 
Example. Test the consistency of the system 
z + 15s + 14z= 4, 
x+ 6y+ 7z= 9, 
x + 10y + Uz = 5, 
z+ 3y + 2« = 16. 
1 15 14 4 



Here 



6 7 9 
10 11 5 
3 2 10 



= 0, 



HOMOGENEOUS LINEAR EQUATIONS. 

44. If in equations (1) of the preceding article, the absolute 
terms (n's) become zeros, we have a system of homogeneous 
linear equations, and, in this case, the numerators of the frac- 
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tions giving the values of the unknown quantities vanish. 
This shows, as we know from other considerations, that such a 
homogeneous system can always he satisfied by giving to each 
unknown the value zero. It often happens, however, that such 
equations may be simultaneously satisfied by assigning to the 
unknowns values other than zero. 

We shall now consider the case of a system of n homo- 
geneous linear equations involviug » unknowns. 



Let 



+ a 1 *"j ! <-> = 0] 
+ a,o"*<"> = o| 



(1) 



a.V + a."*" + .» + «.'••«<"' = 0 J 



be any system of n hi 
unknowns x', at", •■■ >at< 
that 



, in which the coefficients are so related 

1 o," - «,<"' 
' a," - «,<■> 



a. a," 



(2) 



Applying the method of Art. 41 to the system (1), we can 
obtain the values of the unknowns only in the indeterminate 
form ?. (Compare Art 41, Cor.) 

Though it is thus impossible to determine the absolute 
values of the unknowns in such a system as (1). it is possible 
to find the ratios of any (» - 1) of the unknowns to the 



For, dividing each o 
senting the ratios 



the 



(1) by x>", and repre- 
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respectively, remembering that «<" = 1, we obtain the system 
a,V +a,V'+...+a 1 <'-»v< , - 1 > +((l «+»i,«+o + ... +0l <"V>= -a,«> j 

(3) 

a>'+a.»i,» + ...+a,,<'-'>»<'-')+a„<'+» l ,<'+''-|-...+a.<"V'=-a.<'>J 

This is a system of n non-homogeneous linear equations 
involving {a — 1) unknowns, v', v", ■•■ u" - ", v" + ", ••• and, 
so long as the condition of consistency (2) holds good, as in 
Art. 43, the values of the ratios v', v", ••• v l '~ n , v v+n , • •• I)'" 1 may 
generally be obtained by solving any n — 1 of equations (3). • 
Hence the system (1) will be satisfied by any values of x', x", 
... x'" 1 among which we have the ratios v', v", • •• i> ( ">, as. deter- 
mined by any u — 1 of equations (3) ; that is, if equati&SsKl) 
are satisfied by the values r t ', ay,", ••• xJ-"\ they will be equally 
satisfied by \x 0 ', A* 0 "i — ■W", * being any factor. 

The relation (2) gives the condition of consistency of the 
system (1), and A, the determinant oftlie coefficients, is the elivii- 
minant or resultant of the system. 

To illustrate, let us solve the homogeneous system 
2x + 4y + 5z = 0] 

3x + 5y + i>z = 0\ (1) 

4x + 6y + 7z = oi 
Here the determinant of the coefficients 
12 4 5 1 
A = 3 6 6 =0. 
| 4 6 7 I 

An attempt to solve the system (1) by Art. 41 gives 




which are indeterminate. Rut, since A = 0, the system is con- 
sistent, and we can obtain definite values for the ratios -, 
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Dividing the equations by z, we have 
2? + 4| = -5 

3^ + 5| = -6 

Solving any two of these, we get 



and any quantities having these ratios will satisfy the given 
equations. 

45. By the last article the system of homogeneous linear 

Ot'xf + a,"x" + — + a,'"'*'"' 
OsV + aj'x" + .» + a,<"'ir<"' 



o„V + a."x" + ■» + «„<">*<"> = 0 



(1) 



is consistent if A = 0, and in this case we can determine the 
values of the (n — 1) ratios 

Now, since A = 0, we have (Art. 20) the n equations 
0,'AJ + a," J," + — + i*,'"'-!**"' = 0, 



a t 'A t , + a k "A i "+- + 



"'.I,'- 
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which give for the ratios 

AL, AtL... A i l " X \ 

values identical with those which the 
give for the ratios 

a" g" 

therefore 4i' f 4»" - -4.'"' are proportional to at', as" - «<"> what 
ever may be the index k, so that we have the proportions 

= AJ:AJ> AJ* 

= A1:AJ<:-:AV>. 

Hence, in any determinant wkich equals zero, the minors of the 
elements in any row (or column) are proportional to the minors 
of the corresponding elements in any otlter row (or column). 

46. Among the proportions of Art 45, let us 
of the last line, for example 



The coefficients of the last of the proposed equations ((1) oi 
Art. 45) 

«,V + a."x" + ... + a.<"'as<"> = 0, 

not appearing in the expressions for A,', A.", — , A, { *\ there 
results that the proportions (1) determine the rati ™ nf Hi« 
is x' t as", aj**',_w 



«,V + a 1 »a ! " + ... + a 1 <"' i! <"' = 0 
«-,V + o.. 1 'V'+.. 
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expressed by means of the minors which ran he formed with 
the »(n — 1) coefficients of these equations, in suppressing in 
turn each of the vertical lines. Therefore having given w 



o,V + o,"*" + ... + <i,<» + "^"+'> = 0 
+ a."x" + ... + «„• '*<■+'> = 0 

if we put 

^•'> = (-l)'-'| j 

the solution of the proposed equations would be given by the 
proportions 

: : ... : = /{':«":•.•: H"*>>. 
For example, the two equations 

-4z + y + z = 01 
x-2>/ + z = 0i 

*™ i.iii-|i;ri-i-ii 

= 3:5:7. 



k } % DETERMINANTS OF SPECIAL FOIIMS. 

47. Symmetrical Determinants. Two elements of a deter- 
minant so situated, that one occupies with reference to the 
leading element the same position in the rows as the other 
does iu the columns, arc called nwjmj>tt* elements. 1'or ex- 
amide, in the common form of determinant, </, and h t nr.- con- 
jugates, one occupying the fourth place in the second row, and 
the other the fourth plui-c. in the s id column. 
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Each of the leading elements (that is, the elements of the 
principal diagonal) is its own conjugate. Any two conjugate 
elements are situated in a line perpendicular to the principal 
diagonal, and at equal distances from it on opposite sides. 

A symmetrical determinant is one in which each element 
has itself for a conjugate element. Examples of s; 
determinants are the following: 



I ft 6 / 
\9 f A 



In a symmetrical determinant the first minors complementary 
to any two conjugate elements are equal, since they differ only 
by an interchange of rows and columns. The corresponding 
inverse elements are also equal, the signs to be attached to the 
minors being the same in both cases. It follows that the recip- 
rocal of a symmetrical determinant is itself symmetrical. 

The leading minora are all symmetrical determinants. 

The principal diagonal is called the axis of »j 



EXAMPLES. 

1. Form the reciprocal of the symmetrical determinant 

|« » 9\ 
As ft 6 / 
\B f c | 

Using the capital letters to denote the reciprocal elements 
(Art. SO), the reciprocal determinant may be written thus: 
I A 11 0\ \bc-f* fg-cJt hf-bg\ 
A' = III S F \ = \ fg — ch ai-g* rjh-af\ 
I G F O I I hf-bg gh-af ab-h' \ 

2. Trove by means of the proposition of Art. 30. that the 
square of any determinant is a symmetrical determinant 
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4a Skew-Symmetric and Skew Determinants. A dtnn^gm- 
metric determinant is one in which each clement is its conju- 
gate with sign changed. Since each leading element is its 
own conjugate, it follows that in such a determinant all the 
elements of the principal diagonal am zero. For example, the 
determinant 

0 u b e 

A = -h _,j o / 
-c-e-f 0 

is skew-symmetric. 

A slew determinant is one in which each element, exee/* Me 
leading elements, is its conjugate with sign changed. 

Thus, while a skew-syiainetric determinant is zero-axial, a 
skew determinant is not Thus 

x a b c 
As -« y I m 




is a skew determinant. 

MISCELLANEOUS EXAMPLES. 

Evaluate the following determinants : 
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I 1 * * I 

* i \\ 
U i il 



I 15 13 10 I 
12 17 10 
16 11 19 



I 20 15 25 I 
17 12 22 



9. 11-1 II 



12. I 15 17 16 I 
12 18 14 
I 10 17 13 | 



I 30 36 35 I 

33 31 37 
| 38 34 32 | 



16. Expand and simplify the determinant 



o+l a + 4 a + 7 
| a + 2 a + 5 a + 8 I 



Evaluate the following determinants : 



1-1 1-1 
1 1-1-1 

Aus. +16. 



2 3-15 
0 6-5-3 



6 3 2 1 
5 8 7 2 
4 2 8 4 
3 6 3 3 

Ans. +660. 

0 0 0 4 



MISCELLANEOUS EXAMPLES. 
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-4 II 11 101 



. | 2 4 3 1 <• 3 
1-4 2-3 2-1 '-' 



1 2-1 2 3 
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12 22 14 IT 20 10 



10 -3 -2 3-2 8 
7 12 8 9 11 C 

11 2 4 -8 1 9 

24 6 6 3 4 22 Ana. 12,228. 

34. Find the number of inversions in the series 

buefigdhe. 

35. Find the number of inversions in the following permu- 

3,6,4,1,5,2; 
7, 1,6,5,3,4,2; 
2,4, 1,3,6,7,5; 
4,8,6,7,2,5,3; 
3, 1, 8, 9, 2, 5, 6, 7, 4. 
Develop the following det 

36. I x 0 y I 

I ° ' [ 
38. 0 d d d 



0 0-1 (! 
3. abcd + ab + ad + cd + 1. 



1 1 1+c 1 
111 1+d 
Ans. abcd(l + a- 1 + &-■ + <r' + d->). 



MISCELLAXEOUS EXAMl'L. 



0 0 k I 

0 0 h x 

0 0 x 

0 x e f 

x a b c 



0 0 



0 rf, 0 d. 
Ah*, af. An*. a^/yf,. 

43. Write the expanded form of the determinants : 
| «,'<«,'" I; 

Find the values of x in the following equations : 



x -i II 



45. 



1111 



-2 =0. 



1 -x 4 I = 0. 



| x 2 1 I 

46. I a + bx c & I 

e+fx g A =0. 
I i+fce J m | | 2 5 -C | 

48. What effect is produced on a determinant of the nth 
degree by multiplying all its elements by — 1 ? 



uj>*i 

aji,c t itjif, I 
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51. Prove that 

a + c b + d a + c b + d 

b+d a + c b+d a + c 

a+b b+c c+d d+a 

e+d d+a a+b b+e 



52. Show that 



0 a b e 
a 0 c b 
b c. 0 a 



0 1 

1 0 



c b a 0 1 b* a' 0 
Resolve into simple factors the two determinants: 



Am. (x+3)(x-l)*. Ans. -a(a-b)(b-c)(c-d~). 



so as to have the principal diagonal composed (1) of the four 
a's, (2) of the four b's, (3) of the four rfs, (4) of the four d's. 

Prove the following identities : 
56. I a + b c c I 

a b + c a =4o6c 
I 6 6 c + a | 
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59. Find the value of 
12 11 
3 0 14 
0 2 1-1 
2 3 0 -4 



2-1 3-2 
0 2-11 



0 d 
« f\ 



0 rt 

' / o| 



a' a s - a& + V a' - m- + c» i 
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Solve, by means of determinants, the following equations: 

63. 3z + 5y = 171 
2* + 3y = llI 

64. -4x + 7y-10 = 0) 

7*-4y + l = OJ 

65. 3*-4y + 2z = 1] 

2* + 3y-3z = -l Ana. 1,2,3 

5x-5y + 4z = 7J 

66. Ax-ly + 2 = 16) 

3x+ j,-2z = 10 Aha. 5,1,3 

5x-6y-3z = 10J 



3z + 5y = 
4y-3x = - 



+ 7y + 



+ 3z-2w = 9 
-4z + 3w = 13 
3x + 2y-7z-4to = 2 
5as — 3y + z+5w = 13 
3x+2y + Az- to = 13 
5* + ./- z + 2to = 9 
2x + 3.v-7« + 3w = 14 
4x-4jj + 3z-5w = 4 



1.1,8', -1,3. 



Ahs. 2,4, -1, -a" 
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70. What relation must exist between a, b,c,dii the e<pia- 

ax + by+ cz + d= 0, 
bx + ag + dz+e= 0, 
ax+cy + bx + d = 0, 
cx + ay + dx + b = 0, 
be simultaneously true ? 

71. Test the consistency of the system 

x+10g + Uz= 3 
2*- Gj+ 72= 8 
x+12y+ll*= 4 
x — 3y + 22 = 12 

72. Test the consistency of the system 

2as-3y + 10z= 4 
x + iy— 82= 2 
3a;+ y+ 22= (j 
4as + 5> + 2= 8 

73. Solve the homogeneotis equations 

* + 2y + 3* = 0| 
2z + 3»/ + 42= 0 
3x + 4y + 5x= oJ 

74. A skew-symmetric determinant of odd order vanishes. 
For any skew-symmetric determinant, A (see Art. IS) is 

unaltered by changing the columns into rows, ami then ehang- 
ing the signs of all the rows. Hut when the order of the 
determinant ts odd, this process ought to change the sign of 
A; hence A must in this case vanish. For example, 

I 0 a 6 I 
A= -a 0« 1 = 0 

| -6 -c 0 j 
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We give as our last example a special determinant as die 
product of differences. Exercises 7 and 8, after Art. 21, have 
afforded examples of the resolution of this particular form of 
a determinant, of which we now consider the general case. 



75. Take any n quantities, a, b, c, k, 1, and form a de- 
terminant containing as rows (or columns) the powers of these 
s from 0 to » — 1 ; thus : 



This determinant possesses the property of vanishing when 
any two of the n numbers are equal, for example, if we put : 

a = b, a = c, a = l, b = c, b = d, etc., 

since then two columns become identical. It results that A 
ought to contain as factors all the differences which can be 
formed with the series 



in subtracting from each letter all the letters that follow it. 
The product /' of these differences would be 

P= (a- b)(a - e)(a - d) ... (a - k) (a - !) 

Q,- e) (p-O)...(b-k)0,-I) 

(«-<9 •••('-*)(« -9 



(h-k)(h-i) 
(k-t). 
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The determinant A is equal to P in absolute value. For 
the degree of A with "respect to a, b, c, .», (, is equal to 



1 + 2 + 8+ ... + („-!)=»! 




as we see from its principal term ; this is also the degree of /', 
which embraces ~^ differences; therefore P and A can 
differ from each other only by a numerical factor. Finally, to 
determine this factor, we remark that the principal term of A 
is the expression 

1 . 6 • <? • d» ••• . i->. 

The corresponding term of the product P, obtained in con- 
sidering the columns, we find to be 

(_ 1)6 . (_ l)V • (-' iyvp .» (- • (- 

This has for coefficient 

(_ = (_ ifr*. 

Therefore, we have 

A = ±P, 

according as 2 ( n ~^ is even or odd. 
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An Elementary Treutite on the Tlieorv of Eqmtiom; Semt'i four* iT.lt 
gebre Supirleure; Carnoy'i Uwi aVAlyhbrt Hiqnlrtrun; Uiriuwuu's Me- 
mento der OBheren Mnthenuiltk; Mattlifpsscii'i Urundiitje dtr AntUeu mid 
ilodernen Atyebra der LiUeralen (ileichungen ; • Petersen's Alyrbnum*e 
Gteichunyen. 

49. In elementary algebra the student lias solved equations 
of the iirst and second degrees, and has beeouie somewhat 
familiar with the meaning of the word root as applied to an 
equation ; and some of the definitions given in these pages, as 
well as some of the processes described and employed, will not 
be entirely new to him. Let us consider the theorem : 

.■In integral et/uatinn of the first degree in one unknoicn Juts 
one and only one solution. 

For example, take the equation 

ax+b = 0 (1) 

One solution of this is x = - ^. To prove that this is the 
only root, let us suppose that there are two distinct solutions, 
x = a, and x = fi,ot (1). Then we must have 

««+&=o, 

a/J + & = 0. 
From these, by subtraction, we derive 
«(«-/?) = 0. 

Now, by hypothesis, « is not = 0, therefore ot must have 
«-j8 = 0, that is, « = /3; in other words, the two solutions 
are not distinct Hence there is only one root, and it is a 
function of the cocflicients.t 

✓ • tUUMeuon develop tt* mbject bUIotkdly. «k1 oi> p«« NWMI mjr b» f.Kin.l t 
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The quadratic equation 

ax t + bx + c = 0 (2) 

has two roots, namely, 

-6+Vt'-4«c „. - 0 -V6'-4ac . 
Ta ' 2a 

and with" respect to these roots, we know that their sum is 
and their product is £j that is, their sum is equal to the 
coefficient of the second term of the equation 

* + «* + «=°- 

with its sign changed, and their product is equal to the last 
term of this equation. Thus the student has seen that the 
root of an equation of the first or second degree may be ex- 
pressed in terms of its coefficients. 

Tlie general object of this treatise is to establish results 
with respect to equations of a higher degree than the second, 
similar to those that have been established in elementary 
algebra respecting equations of the second degree. In fact, 
the science of the Theory of Equations seeks to discover gen- 
eral methods for the solution of equations of any degree. The 
limitations to this search will appear later (see Art 63). 

50. Definitions. Any algebraic expression that depends upon 
any quantity as x for its value is said to be a function of x. 
Thus 3 a? — 4 x + 10 is a function of x, so also is V<«* — x*. 

An algebraic function involves the operations of addition, 
subtraction, multiplication, and division applied only a finite 
number of times.* All other functions are called transcendental, 
fnuctions, such as logarithmic, exponential, trigonometric, ond in- 
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verse trigonometric In this work, when wo use the word func 
(ion, we mean an algebraic function, unless it is expressly stated 
or shown by the form that the function is transcendental. 

A function of x is, for brevity, represented by F(x), f(x), 
<t> (x), or some such symbol. Thus, for example, 

F(x)=Sx*-4x + lG, /(*)=« log*, *(j-)=sin3i: 

A rational function of a quantity is one that contains the 
quantity in a rational form only; that is, a form free from 
fractional indices or radical signs. 

An integral function of a quantity is a rational function in 
which the quantity enters in an integral form only ; that is, 
never in the denominator of a fraction. 

A rational integral function of x, as discussed here, is one 
that can be put in the form 

aif + hx- 1 + «!-'+ ••• + kx + l, 

in which n is a positive whole number, and a, ft, c •» I denote 
any real expressions not containing x. It will be observed 
that the coefficients may be irrational or fractional. 

Algebraic symbol* are numerals, letters of the alphabet, or 
conventional signs to denote certain operations or relations, 
such as -, +, x, +, =, >, or <, etc. 

An algebraic expression is any combination of algebraic syin 
bols which represents a qnantity. 

A term is an expression whose parts are not separated by 
the signs + or — , as 4**, Sabe, or — . 

A monomial is an algebraic expression of one term; ajmfy- 
nomial is one of two or more terms. 

SL An identical equation is the statement of equality be- 
tween mathematical expressions which are cither the same, 
initially, or become the same by the application to one or kith 
of the allowable mathematical operations; for example, 
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x* - y 1 = (x - y) (x + y), sin 2 A = 2 sin A cos A, 

are identical equations. 

If one algebraic expression containing x is equal, for certain 
values of x, to another differently constituted, the equality thus 
formed is called an equation of condition. Whenever au equa- 
tion of condition is meant, we shall use the siugle word equation. 

Au equation, then, is the statement of an equality, which is 
true only fur certain values of the unknown quantity. 

Any value of je which satisfies this equation is called a root 
of the equation. The determination of all possible roots con- 
stitutes the complete solution of the equation. 

T.y bringing all the terms to one side, we may obviously 
arrange any equation according to descending powers of x in 
the following way : 

<& + a^ l + a^ + a^+--- + a m ^e + a m = 0 . (1) 

An equation is not altered if all of its terms be divided by 
any quantity. Dividing (1) by «„, and thus making the co- 
efficient of x" equal to unity, it may be written in the form : 

af+A*-' +!&»* + ... +/>_i* +J>.=0 . . (2) 

The highest power of x in this equation being n, it is said to 
be an equation of the nth degree in x. 

An equation is complete, when it contains terms involving x 
in all its powers from n to 0, and incomplete when some of the 
terms are absent ; that is, when some of the coefficients, <i„ iu, 
a-j, etc., are equal to zero. 

The term o M which does not contain x, is called the absolute, 
term. 

52. A numerical equation is an equation in which the co- 
efficients are represented by figures only ; a literal equation is 
oue in which the coefficients are represented wholly or in part 
by letters. 
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A linear equation is one of the first degree. 

A quadratic equation is one of the second degree, 

A cubic equation is one of the third degree. 

A biquadratic, or quartic equation is one of the fourth degree. 

A qniutic equation is one of the fifth degree. 

A aextic equation is one of the sixth degree. 

Equations above the second degree are called hiylur equation*. 

5a In both mathematical and physical researches, \vc 
frequently meet with problems that involve the solution of 
equations. 

As the equations thus met with are often higher than the 
second degree, it becomes a matter of importance to find, if 
possible, some general method for the solution of higher equa- 
tions. In the case where the coefficients of an equation arc- 
given numbers, very great progress has lieen made in discover- 
ing methods for the determination of the numerical values uf 
the roots; but the same progress has not liecu made in the 
general solution of equations whose coefficients are letters. 

We have seen (Art. -I!)) that there is a general algebraic 
solution of literal equations of the second degree. Similar 
formulas (subject to some limitations) have been discovered 
for the solution of equations of the third and fourth degrees. 

Many attempts were made to reduce similar general formulas 
for equations of the fifth and higher degrees, but without suc- 
cess ; and, finally, in 1S24. AM * proved the iuq>ossd.ility of 
solving by radicals an algebraic equation of the fifth degree, 
or, in general, of any degree higher than the fourth. This 
important proof was published by Aliel in Is'.'ti.t In modern 
form it may lie be found in ISiermann.t Serretj gives a 
simpler proof by Wantzel. 
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COMPLEX NUMBERS. 

54. Iii the solution of quadratic equations, the student has 
frequently met with the square root of a negative quantity. 
Such a number is said to be imaginary or unreal, for the 
square of no real quantity is negative. The imaginary unit 
V— 1 is denoted for brevity by »', and integral powers of i 
beyond the first can always be reduced by the relation f*=— 1. 
All the operations that we perform on the uuit i must, then, 
be subject to this definition, ? = — 1, and to the general laws 
of algebra. For example, yi=iy, yi+y'i=(y+y')i=i(y+y'), 
etc., exactly as if i were a real quantity. 

55. If we combine, by addition, any real quantity a with a 
purely imaginary quantity hi, there arises a mixed quantity 
a ■+■ W, a form frequently met with. 

Such an expression, consisting of a positive or negative real 
units and 6 positive or negative imaginary units, is called a 
complex number, or quantity. (Throughout this book we make 
no distinction between the words "number" and "qnautity.") 

Ileal and purely imaginary numbers are both included in 
the expression a + ib, the former being obtained when 6 = 0, 
and the latter when a = 0. 

Of course, in such expressions, a and b are considered real. 

56. The successive powers of t are periodic. We have : 

e-t, ••*=-!, <•-<••< — <, 

<•-<•• *»-+!, i»=i«.i = +i, etc 
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Beginning with tlie fiftli power, all the results repeat them- 
selves in the same order. There are only four different values, 
namely: +f, - I, — i, + 1. 

57. If x+fy = 0, then nut* z = 0, y = 0. Otherwise we 
should have x = -iy; but x is real by hypothesis, and hence 
x eannot equal — iy, which is imaginary. 

Sa If x + iy = a + ib, the,, x = a,y = b. Otherwise Ave 
should have x - a = i(b - y), which cannot be, since x - « is 
real. 

59. Hie algebraic turn of any number of complex quantities 
it a complex-quantity. 

Suppose we have, say, three complex numbers, x, + 
Sj+W. then (x,+.'/iO+(-> , t+.V^)-('3+.V J 0=('i+'»-'n) 
+ (y, + yi— ?«)'> '* w s °' algebra already established. 

But x, + x, - x, and y, + y, - y, are real, since jt„ x„ r„ y u y„ 
y, are real. Hence (x, + x, - x,) + (y, + y, - y,)i is a complex 
number. The conclusion obviously holds, however many terms 
there may be in the algebraic sum. For spec-nil case where 
the sum is real see Art. 64. 

60. The product of auy number of complex numbers it a 
conqiex number. 

Consider the product of two complex numbers, x, + y,i and 
x,+y,i. We have 

fx, + (x, + yd = x,x, + yaf + aufei + x^.f. 
Hence, bearing in mind the definition of /, we have 
(x. + .V.O (*i + *0 = 0.*» - 90s) + (** + **V. 
which proves that the product of two complex ii.imlicrs is a 
complex number. The proposition is easily exlemliil to a 
product of three or more complex numbers, l'or si*cial ea.«e 
where tlie product is real see Art. 64. 
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6L T7te quotient ofttco complex Humbert is a complex number. 
We have 

*i + y,i . (si + ttOfo-W) 

_(^ + wri-(y-«a>Qt 
_ gj^ + yigt _ (xjyi-<*w\ 

which proves the proposition. 

Cor. L Since every rational function involves only the 
operations of addition, subtraction, multiplication, and divi- 
sion, it follows from the above theorems that every rational 
function of tico or more complex Humbert can be reduced to a 
complex number. 

Cor. II. Iff(x + yl) be any integral function ofx + yi, having 
all its coefficients real, and if 

f(x + yi)=zP + Qi, 

then f<x-yi) = P-Qi, 

where P and Q are real. 

For it is obvious that P can contain only even powers of y, 
and Q only odd powers of y. If, therefore, we change the sign 
of y, P will remain unaltered, and Q will simply change its 
sign. Hence the theorem. 

Cor. III. If <k(x + yi) be any ndioual function of x+yi, 
hating all Us coefficients real, and if 

4>(x + y() = X+Yi, 
then <t>(x-yi) = X-Yi. 
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EXAMPLES. 

1. 3(3 + 2i)- 2(2-3.0 + (0 + 8/)- 11 +20f. 

2. (2 + 3 0 (2 - 3 0 (3 - 3 0 = (» + »> (3 -'"" ) = 39 - Ki i. 

3 3 + 51 ^ (3 + 50(2 + 30 8 10, 
' 2-3i 4 + <J UT13 

4. (x + yC)*=(x*-Oxy + y^ + (ix*a-ixf)i. 

62. Two complex numbers which differ only in the sign of 
their imaginary part are said to be coujmjulv. 

Thus -3-2i and -3 + 2/; -4< and + H; x + yi and 
x — yi, are conjugate. 

The student has met with conjugate imaginaries in the 
solution of quadratic equations, where if one rout is imaginary, 
the other is also imaginary, and is conjugate to the first. 



For, let /(*) = (» be the equation. If n + ft is a rout, we 
must have /(a + ft) = 0. This may be written 

/(a + ft) = 0= />+/<? = <>; 

and this requires P= 0, Q = 0 (Art. 57). Hence /*- IQ = II. 
and /(« - ft) = /' - iQ = I) ; hem e « - ft is a root of /I s\ ~ 

64. The sum of the conjugate imaginaricR, x + iy. x — iy. is 
the real quantity 2*; their difference is the pure imaginary 

Their product x* + >/ is called the worm of either of them. 

norm (x + iy) = norm (x - iy) = *• + f. 
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The modulus of a complex quantity is the positive square 
root of the norm. Thus, employing the usual symbol, 
mod (a; + iy) = vV + y 1 , 
mod (*-#)= V?T?. 
Rem. When y = 0, that is, if the complex number be wholly 
real, then the modulus reduces to + Va?, or x, that is simply 
the numerical value of x. For example, 

mod (- 3) = + = + 3, mod (+ 5) = + 5- 

EXAMPLES, 
norm (- 3 + 4 /) = (- 3)' + (4)' = 25. 

norm (4 -6 <)=41. 
mod(-3 + 4i) = 5. 
mod (2- 5 i)= V2i>. 
mod(l+ t) = V2. 
mod (6 + S>) = 10. 

65. Jf a complex number vanish, its modulus vanishes; and 
conversely, if the modulus vanM, the complex number vanishes. 

For, if x + yi = 0, then x = 0, andy = 0. 

Hence Vs* + j/* = 0. 

Again, if Va?+Y = 0, then a? + y> = 0, hence, since x and 
y are real, 3 = 0 and y = 0. 

66. //" too complex numbers are equal, their moduli are equal. 
For, if x + yi = x 1 + y'i, then x = x , ,y = y'; 

hence V?+7 = V^ + y". 

The converse is obviously not true. 
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67. Graphic Representation. — Argand's Diagram.' We shall 
consider now the graphic method of representing complex 
numbers originally suggested by Argand. 

We have seen that the usual representation of positive or 
negative quantities is by means of distances measured along a 
straight line, positive quantities being represented by distances 
measured to the right, negative quantities by distances to the 
left. For some reasons it is best to say that positive quanti- 
ties are represented by distances measured to the right, and 
that the effect of multiplying any quantity by - 1 is to 
reverse the direction; that is, if the quantity is multiplied 
twice by i, the direction is reversed. 

If now the factor I*, or t ■ i, changes the direction by 180', 
then it seems natural to consider i a factor that changes the 
direction by 90°. It is customary, to say that the etfect of 
multiplying by »' is to turn the line through an angle of DO' in 
the positive direction (counter-clockwise). It is evident that 
the repetition of the operation of using i once as a factor, 
reverses the direction. 

Now, let XOX', YO F be two rectangular axes. We shall 
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call XOX' the axis of real quantity, 1*01" the axis of purely 
imaginary quantity. 

To represent the complex number x + iy, we lay off on the 
x-axis the distance OM=x, and on MP, perpendicular to the 
x-axis, the distance MP=y. 

Thus the point P is defi nitely l ocated by the quantity x + iy. 
The distance OP = r = Vx" + j» = mod (x + iy), and we have 
cos MOP= cos 6 = ~, sin 9 = 2. 

Hence the expression x + iy may be written in the form 
r(cos9+»'sin0). 

The quantity r is called the modulus,* and the angle 9 the 
argument of the complex number x + ?> ■ 

The modulus and argument of x + iy are for brevity repre- 
sented by the notation 

mod(x'+fy), arg(x + fy). 

Example: To write 3+4i in the trigonometric form 
r (cos 9 + i sin 6), we have 

r = V3 r +T« = 5, cos 9 = }, sin* = J, 
and .-. 3 + 4i = 5(J + »-J). 

Cor. Of course x — iy, or r(cos 0 — i sin tf), represents the 
point the y in this case being measured downward because 
it is negative. If the argument of x + iy is 8, the argument i f 
x — iy is 2jt — 0, or we may say that two conjugate numbers 
have the same projection on the x-axis. 

68. The Exponential Form of x + iy. The following develop- 
ments for cos 6, sin 9, and «*, which are deduced in works on 
trigonometry and elementary calculus, are supposed to be 
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costf=l-|l + f 1 -^ + ... ) 

From the last two we have 

cos 6 + i sin 6 = 1 + .6 - £ - f£ + £ + it - . ... 
If we define a function e" by the series 

which is entirely analogous to the form for e, where x is real, 
then we have 

e» = cos0 + isintf, 

and, consequently, 

_x_ -My = r(cos 9 + i sin 6) = re". 
Similarly, x - ly = r(cos 0 - 1 sin ff) = re"". 

Cor. I. The following fonuulie are sometimes useful : 
e'" = cos ir + f sin ir = — 1, 
«-'» = cos ir — i* sin >r = — 1, 
e 'I = co S ^ + .sin| = ,-, 

e -<J = cos?-«sin* = -i. 
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Cor. II. If 6 = 5, and r = 1, then x + iy becomes 



Hence e +, I = t, is the operator which turns the direction 
through 90°. 

69. Expressing e", in their respective trigonometric forms, 
and performing the operations of multiplication and division, 
we can readily prove the relations : 



Hence, the function ««, denned in the last paragraph, obeys 
the same laws of multiplication and division as the function e", 
where x is real. 

70. De Moivre's Theorem. First, for n a positive whole 
number. 
If in the equation 

(as + iy) (a + ib) = ««■««•+•>,* 
we let o + to = x + iy, it becomes 

(x + iyf = rV- » = r» (cos 2 6 + i sin 2 0) j 
similarly, (x + fy)"= f . «•■"♦ = r"(cos n« + i sin nfl). 
Hence, for n a positive whole number, 

(cos $ + i sin S)' = cos n6 + i sin nO. 
Second, for n a negative whole number. 
We know that 
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a + i& m 

If in this we make 

(a + ft) = (* + ty)"* 1 = r- + >«'"•+»• 

we shall have 

- (*- r"V~. 

[r(cosfl+ isinfl)]- = r-"[cos(-«tf) + f sin (-»«)]. 
.-. (cos $ + i sin ff)- = cos »0 - f sin »0. 
Hence (e»)" = **», where n is any positive or negative whole 
number. 

Third, n any number. 

Suppose that 6 = £, then e" = A, anil (e M ) , =(e'*) , =i««= ( ^. 
That is, the fth i»wer of e*r is e**j conversely, one of the rth 
roots of e<* must be e>*; 

hence (cos $ + i sin fl/ = cos 6 - + i sin t 

Finally, if s and t are any whole, numbers, we have 
(e"> = e'i» = cos ? « + i sin ? tf ; 

but as s and t a re anyjiiiinbers vhatfiver, ? may represent any_ 
rational or inmiti i m fl l'mii i i b r i : heme, when n is any number 
whatever, integer, fractional, or irartinw l) we have 
(«*). = *<-, 

or A (rostf + fsinfiy^cos/ifl + isinw*, 

which is De Moiere'a Theorem* 

• Abnhoni de MulTre (lOOt-HM). Tta dbwiwiy of thh Ibegrem by II. M ulrnr I***,. 
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73. The Values of (•")", for integer value of n. 

By definition, we have , 

e*' = cos2,r + isin2,r = l; - 
hence e» • «*' = e'« = e«« +! ">, 

or, more generally, 

e it _ gKs+a.^ wnere j ; s any w ho)e number whatever. 
Hence (e»)" = («w*.))S = e '^\ 

whence (e'y = cog 6 + 2 Av + i sin 9 + 2 Av , 

where fc may be any whole number. While from this equation 
the number of values of (e")" is apparently infinite, there are 
really only n different values, for when k has run through the 
numbers 0, 1, 2, 3, —, n — 1, the values of (e")" begin to repeat 
themselves, as may be readily shown. 

72. Solution of the Equation Jr* — 1 = 0. 

This is a special form of the binomial equation, the general 
form of such equations being as" = a + ftV^l, where a and 6 
are real quantities. To find the roots of 
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If n is even, we may make k = £ - 1, then we have 

x = cos ^ + f sin ~ = cos * + i sin * = - 1. 

Hence, if n is even, both + 1 and — 1 are roots of a" = 1. 
But if n is odd, + 1 is the only real root. This is evident from 
the fact that for all values of k, other than 2 — 1 for n even, 
and n — 1 for n even or odd, sin - y + - j g 110t a „j 
therefore the root is imaginary. 

73. Solution of the Equation *"+l=0. To find the roots of 

* 1-, 

we have a" = e"' +s *'>, since e?'=—l. 

Hence a-^-cos i±- 2 *=+ frin^fi*. 

If 7i is even, the roots are all imaginary, since no even power 
of a real quantity can be negative; but if » is odd, we may 
make k = " ~ 1 ; then we find x = cos ir + i sin ir = — 1. We 
conclude that when n is odd, there is one and only oue real 
root, -1. 

EXAMPLES. 

1. Find the cube roots of +4. 

Here *»=1, and in equation (2), Art. 72, A- may 1* made equal 
successively to 0, 1, 2, while n = 3. We thus get for the roots 

a; = eos}» + isiniir = -| + iV3», 
x = cos | * + / sin J t — i - 4.V3 i, 
at = cos2«- + isin2» = +l. 

2. Solve, the equations x*=l, and jf = — X. 
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3. Solve the equation tf = 1. 
The roots are: 

i(V5-l)+iV(10 + 2VS)f, 
-i(V3 + l)+|V(l*>-2V3)f, 
- i (V3 + 1)- J V(l° - 2 V5) i, 

1( V5-l)-iV(l« + 2V5)«- 

4. Solve the equation a; 10 = 1. 

74. Complex Numbers. — Addition. Let rectangular axes lie 
taken and a point P representing a+ib; that is, Art. <i~, 
OM= a, PJT= b, and 

07 > = V^+6 5 = ^ = mod(a + ;6), and MOP=a=&Tg(a+ib). 




Let a second complex number a' + ib' be represented by the 
point A, so that 

OA = mod (o' + ib'), XOA = arg(n' + ib 1 ). 
Now the sum of these two complex numbers is 
a + ib + u' + ib', 
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which may be written in the form 

a + + + 

and we observe that this sum is represented by the point 
whose coordinates are u + «', b + i>'. 

To find this point draw PP parallel and equal to OA ; sim o 
PC, PC are equal to a', b', P is the required point, and we 



0P= mod [a + a' + i(b + &')!, SOI"- arg |« + «'+<(6+i') |. 

Therefore, to add two complex numbers, represented by tlie 
points A and P, we draw PP equal and parallel to OA ; then 
P represents the sum of the two complex numbers. 

Since OP is not greater than OP + PP, it follows that the 
modulus of the sum of Itco complex numbers is less than (or at 
most eumd to) lite sum of their moduli. 

To add a third complex number a" + ib", represented by 
Ii, we draw PP' parallel and equal to (HI. Then /*' reprc- 

a + a' + a" + ,•(«- + &' + &"), 

which is the sum of the three given complex numbers. 

As this mode of representation may be extended to the 
addition of any number of such quantities, it is evident that, in 
general, the modulus of the sum of amj number of mut/ifer f/«n«- 
tities is less than (or id most et/ital to) the sum of their moduli. 

75. Subtraction. Subtraction can 1* represented in a similar 
way. Since /* represents the sum of /' and .1. /' will repre- 
sent the difference of /" and J. To subtract two complex 
numbers, therefore, we draw from the point represcntins: I he 
minuend aline parallel and equal to the line from the origin lo 
the point representin<! the subtrahend, but in the opposite 
direction. We join U to the extremity of this line to find the 
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modulus of the . 
two given complex numbers. 



the difference of the 



76. Multiplication and Division. The theorems of Arts. CO 
and 61 may readily be proved by De Moivre's Theorem, as 
follows: 

To multiply the two complex numbers a + ib, a' + ib', we 
write them in the form 

(o + ib)= ,i(cos a + i sin a), a' + W s (cos *• + < sin «-)• 
Then 

(a + ») (a' + (b •) = { cos (a + a 1 ) + i sin (« + «•) J , 

which proves that the product ofttco comjtlex tmmbers is a com- 
plex number, u-huse modulus is the product ofthetico moduli, and 
altose argument is the sum of the tico arguments. 

Similarly, we may prove that the product of any number of 
complex quantities is a complex quantity whose modulus is the 
product of all the moduli, and whose argument is the sum of 
all the arguments. 

To divide a + ib by a' + ib', we have similarly 

£±§f ■ J - «')+ '•«■>(« - «'){, 

which proves that the quotient ofttco comrfex numbers is a com- 
ju"ex number icliose modulus is the quotient of the tao moduli, und 
irliose argument is the difference of (lie tao arguments. 

Cor. Similar theorems for involution and evolution are 
derived at once from De Moivre's Theorem* 



PROPERTIES OF POLYNOMIALS. 

77. Reduction to the Form f(x) = 0. Any rational integral 
function of x,f(x), may, as we liave seen, be put in the form 

Any equation in x having rational coefficients can lie trans- 
formed into an equation of the form/(x) = 0, as the following 
example will show. 

Example. Reduce ^=A = ELr^ to the form F(x) = I). 

Clearing the given equation of fractions, we obtain 

x* - x + 2x* _ 2^5 _ 3-1 + i _ 3 _ 3 Xf 

or, multiplying by x to free of negative exponents, 

xt-x , + 2xi-2xi = l-2x-ax ! . . . (1) 

To transform (1) into another equation with integral ex- 
ponents, put x = if,6 being the least common multiple of llie 
denominators of the fractional exponents of j-. Thus we get 

2y , + » ,l -2^» + 2/+ 2/-1 =0 . . . 12 1 

which is the required form, the roots of (1) and |2) holding 
the relation x = f. 
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EXAMPLES. 

Reduce the following expressions to the form f(x) = 0 : 

1. £ + 2z-lxl-x>=l. 

2. £ni =2 + «-». 

3. Vi^5x = l-3xl. 

4. Vs-oV = VI -2* - a 

6. - 3 **) (1 - ») = (*-» + 1) (afi - 2). 

78. We shall now give two theorems concerning the relative 
importance of the terms of a polynomial when values very- 
great or very small are assigned to x. 

Writing the polynomial in the form 

it is plain that its value tends to become equal to a^f as x 
tends toward oo. The following theorem will determine a 
quantity such that the substitution of this, or of any greater 
quantity, for x will have the effect of making the term a&r ex- 
ceed the sum of all the others. In what follows we suppose 
(iu to be positive; and, in general, in the treatment of poly- 
nomials and equations the highest term is supposed to be 
written with the positive sign. 
Theorem. If in the polynomial 

+ o,*- 1 + a*?-* + ... + o._,!B + o. 
the value ^ + 1, or any greater value, be substituted for x, where 
a, m tluit m,e of the coefficients «„ a s a„ — a, tchose numerical 
value is greatest irrespective of sign, the term containing the high- 
est jwicer of x icitt exceed the sum of all the term tchich follow. 
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The inequality 

n>f > <t,z- 1 + ajtr* +■■■+ a..,* + o. 
is satisfied by any value of x which makes 

it*? > o,(a--' + x~» + ... + * + 1 ), 
where «, is the greatest among the eoe fiicicnU «,. a,.,. a„ 
without regard to sign. Summing the geometric series within 
the brackets, we have 

M->^«r^>-^_(^-l,, 

which is satisfied if o„(* - 1) be > or = a, ; that is, 

«>or-2» + l. 
<Hi 

This theorem is useful in supplying, when the coefficients of 
the polynomial are given numbers, a numlier such that when s 
receives values nearer to + x, the polynomial will preserve 
constantly a positive sign. 

If we change the sign of x, the first term will retain its 
sign if n be even, and will ljecomo negative if h l>e mid; so 
that the theorem also supplies a negative value of j\ such that 
for any value nearer to — x, the polynomial will retain con- 
stantly a positive sign, if n be even, and a negative sign, if it 
be odd. 

As illustrative of the use of this theorem, consider the 
polynomial 10 j- 1 -17^ + ^ + 6. 

Here, substituting 10 for «,and 17 for a* the test formula 
becomes 

*>or = tf + l, 



which shows us that the function 10 x> - 17 z 1 + x +•(• retains 
positive values for all positive values of s greater than 1'.7. 
and negative values for all values of x nearer to -x than Z7. 
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79. We next consider a theorem which shall enable ns to 
determine what term controls the sign of a polynomial when 
the value of x is indefinitely diminished. 

Theorem. If in the jiolyuomial 

ajr + a,?- 1 +■■■+ a.. t x + a. 

the value "* , or any smaller value, be substituted ' for x, where 
a. + o, 

a, is the greatest coefficient exclusive ofa„ the term a. will be 
numerically greater than the sum of all the others. 

To prove this, let » = -; then by the theorem of Art 78, a, 
being now the greatest among the coefficients o m ft* ••• a, „ 
without regard to sign, the value ^ + 1, or any greater value 
of y, will make 

ajf > a^jr 1 + a._iT* + - + a<y + a,, 
that is o. > a..,i + a„_, + - + a„i; 

heuce the value — ^— , or any less value of x will make 
a. + a t 

a. > o_,a; + a„_*r» + - +aX- 
Cor. I. This proposition may be stated as follows : 
Values so small may lie assiyned to x as to make the polynomial 
+ + - + (hp 
less than any assigned quantity. 

This statement of the theorem follows at once from the above 
proof, since a, may be taken to be the assigned quantity. 
Cor. II. Another useful statement of the theorem is as 
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H7ie/t the variuhle x receives a very smull value, the sign uf the 
polynomial 

+ «.-s** + — + a,/? 
is the same as the siyn ofitsjirst term <(„_,*. 
This is evident, if we write the expression in the form 

80. Derived Functions. Chang* of form of a jmlynomial <or- 
resjtomliny to an increase or diminution of the ruriuhle. 

We shall now examine the form assumed by the polynomial 
when x + h is substituted for x. Here the resulting form will 
correspond to an increase or diminution of the variable x, 
according as A is positive or negative. 

Xbe polynomial 

/(j:) = a 0 !e» + a 1 i-' + fl^- , + «^+- + a.-i^ + a. . (4) 
becomes, when x is changed to x + /*,/(* + It), or 
0,(3 + A)" + a,(x + ft)- 1 + a,(x + ft)— + ... + a^x + h) + a.. 

Expanding each term of this expression by the binomial 
theorem, and arranging the result according to ascending 
powers of ft, we have 

«„&" + a,!- 1 + Ojaj"-' + — + a..^t» + o..,ae + a. 
+Af)i« rf e- 1 +(n-l)a 1 a?-«+(n-2)a ! j : "-»+-+2a.. I j;+a.. 1 | 
+ ^ f « (» " 1) a*"" 1 + (» - 1) (» - 2) a,*"' + • • • + 2 «_| 

+ • 

• + 1 . 2 *3...J -(»-l)-3-H«. ( "> 
We observe that the part of this expression indc|iendciit of 
A is /(*), and that the successive coefficients ..f the different 
powers of A are functions of x of degrees diminishing by unity. 
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YVe also see that the coefficient of 7i may be obtained from f(x) 
by multiplying each term of /(*) by the exponent of x in that 
term and . diminishing the exponent of x by unity, the sign 
being retained. . The sum of all the terms of f(x) treated in 
this way will" constitute a polynomial, one degree lower than 

^This polynomial is called the first derived function of f(x), 
and is usually represented by the notation f'(x). The co- 
efficient of ^ is gotten from f(x) in exactly the same man- 
ner as f(x) is derived from /(x), or by the operation twice 
performed on f(x). This coefficient, denoted by f"(x), is 
called the second derived function. In a similar way the third 
derived function, f"(x), is obtained from /'(*•), and so on; so 
that the expression, B, may be written as follows: 
f(m+h)=Ax)+rixyh+^h'+£^lf+.-.+aJ i ' . (0) 

EXAMPLE. 

Find the result of substituting x + h for x in the polynomial 
5 a? -6 a? + 8 as + 4. 
Here f(x) = tix'-Gx' + Sx + i, 

/■(*) = 15 12 x + 8, 
f(x) = 30 x -12, 
/"(*) = 30, 

and the result is 

Bx'-0x*+Sx+iH^-12x+S)h+(?0x-12)^+o0. T ^ 

81. Continuity of a Rational Integral Function. Theorem. 
If in a rational and integral function f(x) (he value ofx be made 
to vary, by indefinitely small increments, from any quantity a to 
a greater quantity b, tlten Kill f(r) at tlie same time vary also by 
imlefinitely small increments; tluU is, f(x) varies continuously 

Kith x. 
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to increase from o to it + ft. The 
/<*) is 

/(a + *)-/(«), 

and, by Art. 80, this is equal to 

/'(a)ft + /»(a)^l + ...+«^» > 

in which expression all the coefficients /'(«)> f"(a), etc., are 
finite quantities. 

Now, by Art. 79, Cor. I, this latter expression may, by tak- 
ing ft small enough, be made to assume a value less than any 
assigned quantity ; so that the difference between /(k + ft) and 
/(a) may be made as small as we please, and will ultimately 
vanish with A. The same is evidently true during all stages 
of the variation of x from ft to 6; thus the theorem is proved. 

We should observe that it is not here proved that f(r) iV 
creaaes continuously from f(u) to /(ft), but simply that it varies 
continuously, for it may sometimes increase and at other times 



82. Form of the quotient and remainder tvhen a polynomial 
is divided by a binomial. 

Divide ajf + o,*"-' + a J **-» + — + a..,* + a. 
by x — h, and let the quotient be 

fV"' + ii*-' + M"-' + - + + b..,. 

This we shall represent by Q, and the remainder by II. We 
have then 

/(*) = (*-*)<? + «. 

The meaning of this equation is, that when Q is multiplied 
by x — A, and It added, the result must be identical, term for 
term, with /(a). 

The right hand side of the identity is 
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-hb„ I -hb, I -hb.., I " -/«&„_, 

Equating the coefficients of x 011 both sides, we get the fol- 
lowing series of equations to determine b u b u b«, ••• 6..,, R : 

&o = «» 
6, = bji + a b 
h = b,h + (h, 
b, -■ bji + a* 



-R = 6_,/H-a„. 

These equations supply a ready method of calculating in 
succession the coefficients i><» K K etc., of the quotient, and the 
remainder R. For this purpose we write the series of opera- 
tions in the following manner : 

a, a„ a„ aj, — a»_u o« 
V*, bji,-b._ji b,Ji, 

*i &i ^ 6^ ~fi~~ 

Tn the first line are written down the successive coefficients 
of fix). The first term in the second line is obtained by mul- 
tiplying a,, (or b t , which is equal to it) by lu The product bji 
is placed under n„ and then added to it in order to obtain the 
term 6, in the third line. This term, thus obtained, is multi- 
plied in its turn by h, and placed under tjj. The product is 
added to o 2 to obtain the second figure b t in the third line. 
The repetition of this process furnishes in succession all the 
coefficients of the quotient, the last figure thus obtained being 
the remainder. This process, called Horner's Method of Syn- 
thetic Division, will be made plain by a few examples. 
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The theorem of this article is known as the " Remainder 
Theorem." 

EXAMPLES. 

1. Find the quotient and remainder when 

2^ + 4^-^-160! - 12 is divided by x + 4. 
Write the coefficients with — 4 at their right and proceed as 
below 

2 4 -1-lC -12 |-4 
-8 16 - 60 304 

2-4 + 15-76 + 2.92 
Thus the quotient is 2 a? — 4 3 s + 15 x — 76, and the remainder 
is 292. 

2. Find Q and R when 3 a* -27 a* + 14 a; + 120 is divided 
by*- 6. 

When any terra in a polynomial is absent, care must be taken 
to supply the place of its coefficient by zero in writing down 
the coefficients of f(x). In this example, therefore, the calcula- 
tion is as follows : 

3 0 - 27 14 120 16 
18 108 486 3000 

3 + 18 + 81 + 500 + 3120 
Hence Q = 3^ + 18 *» + 81* + 500, and It = 3120. 

3. Divide x*-4*-»x + 32 by x-4. 

1_4 0 - 8 32 [4 

4 0 0-32 
1 0 0-8 0 
In this case, therefore, Q = x* - S and li = 0, or the division 
is exact, and 4 is a root of the equation f(x) = 0. 

4. Find Q and It, when x*- i* + 7x>- 11 x - 13 is 
divided by *-5. 

An*. Q = x* + x> + 12x* + G0x + 2M; /,' = U:I2. 
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5. Find Q and R when x* + -\ox* + 2 \a divided by 



83. Tabulation of Functions. Homer's synthetic method of 
division affords a convenient practical method of calculating 
the numerical value of a polynomial, with numerical coefficients, 
when any number is substituted for x. 

For, since 

f(x)=(x-h)Q + S 

is an identical equation, it is satisfied by any value whatever 
of x. 

Let x = It, then /(/») = lt,x — h being eqnal to zero, and Q 
remaining finite. Hence the result of substituting It for x in 
is the remainder when f(x) is divided by x — It, and can 
be calculated rapidly by the method of the preceding article. 

For example, the result of substituting —4 for x in the 
polynomial of Ex. 1, Art. 82, viz., 

2x t + 4x*-x'-lC>x-12, 

is 292, this being the remainder after division by x + 4. This 
can be verified by actual substitution. 

Again, the result of substituting 5 for x in 

ar>-4 ! r 4 + 7!c'-lla;-13 

is 1432, as appeal's from Ex. 4, Art. 82. 

We saw in Art. 81 that as x receives a continuous series of 
values increasing from — cc to + oe, f(x) will pass through a 



-5,-4,-3,-2,-1,0,1,2,3,4,5,.. 



i 
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and calculate the corresponding values of f(x), the process may 
be called the tabulation of the junction. 

EXAMPLES. 

1. Tabulate the trinomial 2a? + x-G for the following 
values of x: 

-4,-3,-2,-1,0,1,2,3,4. 
Values of x . . I -4 I - 3 I - 2 I - 1 I 01 1121 3) 41 
Values of /(a) . | 22 | S>| 0 | — 5 | — G | — 3 J 4 | 15 1 30 | 

2. Tabulate the polynomial x* - 4 a» - 8 x + 32 for the same 
values of x. 

3. Tabulate a? -6 x* + 11a- C. 

Valuesofs .1 -41 -31 -21 -II 0|1|2|3| 41 
Values of f(x) | —210 | —120 | — CO | — 24 1 -C| 0 | 0 | 0 | 

84. Graphic Representation of a Polynomial The values of 
f(x) corresponding to the different real values of x may be con- 
veniently exhibited to the eye by a graphic representation 
which we shall now explain. 




Let two straight lines OX, OY (Fig. 3) cut one another at 
right angles, and be produced indefinitely in both directions. 
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These lines are called the x-axis and y-axis respectively. 

Lines, such as OA, measured ou the x-axis, to the right of 
the y-axis, are regarded as positive; and those, such as OA', 
measured to the left, as negative. Liues parallel to TV, and 
above the x-axis, such as APot B'Q', are positive; and those 
below XX', such as AS or A'f, are negative. The student of 
Trigonometry or Analytic Geometry is already acquainted 
with these conventions. 

Any arbitrary length may now be taken on OX as unity, 
and any number, positive or negative, will be represented by a 
line measured on XX'. luf(x), give to a: the value a and let 
OA = a ; calculate /(a); from A draw AP parallel to OY to 
represent /(a) in magnitude on the same scale as that on which 
OA represents a, and to represent by its position above or 
below the Hue A'X' the sign of f(a). OB = b, and BQ = /(b), 
would determine another point Q. Thus, corresponding to the 
different values of x represented by OA, OB, OC, etc., we shall 
have a series of points P, Q, R, etc., which, when we suppose 
the series of values of x indefinitely increased so as to include 
all numbers between — co and + co, will trace out a continuous 
curved line. This curve will, by the distances of its several 
points from the line OA", exhibit to the eye the several values 
of the function /(x). 

The process here explained is also called tracing the function 
f(x), and the curve itself is often called the graph of the 
function. 

In the practical application of this method it is well to begin 
by laying down the points on the curve corresponding to cer- 
tain small integral values of x, positive and negative. A curve 
drawn through these points will give at least a general idea of 
the character of the function. If we wish, at any particular 
loeality, to examine the curve more minutely, we must take 
several intermediate fractional values of x, and, of course, the 
closer together such points are taken, the more accurately will 
the function be delineated. 
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EXAMPLES. 

1. Trace the trinomial - x> - 2 x + 4 ; that is, Hnd its grra;A. 
The unit of length taken is one-fourth of the line UE in 
Fig. 4. 




The values of f(x) corresponding to integral values of x, 
within the limits of the figure, are as follows : 

Valuesofx, I— 41— 31— 21— II 0 1+11+21 
Values of/(x), | -4 | +1 | +4 I +fl | +4 | +1 | -4 | 

Hy means of these values we obtaiu the |M.sitions of seven 
points on the curve, A, B, C, I), E, F, <!. Tliis .lone, we draw 
as smooth a curve as we can through these iioints, which curve 
is the required i/mpli. 
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2. Trace the polynomial 

10s 3 - 17 + * + 6. 
Tabulating the polynomial, we have 
Valuesof*, I -3 1 -2 I -1 I 0 , +1 I +2 I +3 
Values of/(*), | -420 | -144 | -22 | 6 | 0 | 20 | 12C 
We hare found, Art. 78, that this function retains positive 
values for all positive values of x greater than 2.7, and nega- 
tive values for all values of a; nearer to — oo than —2.7. 
The graph will, then, if it cuts the axis of x at all, cut it at a 
point (or points) corresponding to some value (or values) of x 
between —2.7 and +2.7; so, if we wish simply to examine 
the position of the roots of the equation f(x) = 0, the tabula- 
tion may be confined to the interval between — 2.7 and + 2.7. 

This is a case in which the substitution of integral values 
only of x gives little help toward the tracing of the curve, and 
where, consequently, smaller intervals have to be examined. It 
would be well to tabulate the function for intervals of one-tenth 
between the integers —1, 0; 0, 1; 1,2. This tabulation and 
the tracing of the curve is left as an exercise for the student. 

3. Trace the trinomial 2 a? + x — 6. 

4. Trace the polynomial x* - 15 x* + 10 * + 24. 

The graph in Ex. 1 cuts the axis of x in two points (a num- 
ber equal to the degree of the polynomial) ; in other words, 
there are two values of x for which the value of the given 
polynomial is zero; these are the roots of the equation 
-a?-2as + 4 = 0. It will be found that the graph of the 
polynomial in Ex. 4 cuts the axis of x in four points, corre- 
sponding to the roots of the equation 

a; 4 -15*? +10 a: + 24 = 0, viz. -4,-1,2,3. 
The graph of a given polynomial may not cut the axis of x 
at all, or may cut it in a number of points less than the degree 



Art 84 rHOPEMIES OF POLYXOMIAIS. Ill 



of the polynomial. Such cases correspond to the imaginary 
roots of equations, as will appear more fully in a subsequent 
chapter. For example, the graph of the polynomial 'lx*+x+'2 
will be found to lie entirely above the axis of x. It is evident, 
by the solution of the equation 2 + x + 2 = 0, that the two 
values of x which render the polynomial zero are in this ease 
imaginary. Whenever the number of points in which the 
curve cuts the axis of x falls short of the degree of the poly- 
nomial, it is customary to speak of the curve as cutting the Hue 
in imaginary points. 
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CHAPTER VI. 

GENERAL PROPERTIES OF EQUATIONS. 

85. We shall first prove some theorems which establish the 
existence of a real root iu an equation in certain cases. 

Thkorkm. Iftieo real numbers substituted for x in a rational 
integral expression f(x) give results tcitli contrary signs, one root 
at least of the equation fix) = 0 lies between those values of X. 

Let a and b denote the two numbers ; then f(a) and f(b) 
have contrary signs. I?y Art. 81, as a; changes gradually from 
a to 6, the expression f (x) passes without any interruption of 
value from /(a) to /(I); but since /(«) and/(6) are of contrary 
signs, the value zero lies between them, so that f(x) must be 
equal to zero for some value of x between a and 6 ; that is, 
there is a root of the equation /(*) = 0 between a and b. 

We do not say that there is only one root; and we do not 
say that if f(a) and f(b) are of the same sign there will be no 
root of the equation /(») = 0 between a and b. 

Reference to the graphic method of representation will assist 
our conception of this theorem, and will enable us to make it 
more general. It is evident that if there exist two points of 
the graph of f{x) on opposite sides of the axis XX', then the 
curve between these points must cut that axis an odd number 
of times, and if the two points are on the same side of the axis, 
the curve must cut that axis either not at all or an even number 
of times; thus several values may exist between a and b for 
which f(x) = 0, that is, for which the graph cuts the axis. 

For example, in Ex. 2, Art. 84, x = — 1 gives a negative 
value (-22), and x = + 2 gives a positive value (20), and 
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between these points of the curve there exist three points of 
section with the x-axis, ns can be easily shown. 

86. Theorem. Erery equation of an mM degree has al least 
one mil root of a sign oiqstsite to that of its last term. 

This is evident at once from the theorem of the last article. 
Substitute in succession — x, 0, x for x in the polynomial 
/(*). The results are, m being odd (see Art. 78), 

for x = — x, f(x) is negative; 

for *=0, sign of f(x) is the same as that of a.; 

for x = + x, f(x) is positive. 

If a. is positive, the equation must have a real root betweeu 
— «> and 0, i.e. a real negative root; and if a. is negative, the 
aquation must have a real root between 0 and x. i.e. a real 
positive root. The theorem is therefore proved. 

87. Theorem. Erenj equation of an eren degree, whose last 
term I* negative, has at least tteo mil roots, one jiositire ami the 
other negative. 

The results of substituting — », 0, co are in this case 
-ee, +, 0,-, +x, + ; 
hence there is a real root between — oe and 0, and another 
between 0 and + x ; i.e. there exist at least oue real negative 
and one real positive root. 

8a To prevent mistakes, it is well to call attention to 
exactly what has l>een proved iu the last two artichn. 

In Art. Sfi it is proved that the equation considered lias ,it 
least o,a- real root: it is not proved that it lias only one. In 

Art. 87 it is proved that the eqnntini isidered has at least 

tico real roots; it is not proved that it has only two. 



114 



THEORY OF EQUATIONS. 



Art. 89 



89. Existence of a Root. Imaginary Roots. We have now 
proved the existence of a real root in the case of every equa- 
tion, except one of an even degree whose last term is positive. 

Such an equation may have no real root at all. We must 
then examine whether there may not be cases where the equa- 
tion has imaginary roots, or whether there may not be in cer- 
tain cases both real and imaginary values of the variable 
which satisfy the equation. In Chapter IV we have assumed 
that such is the case. Let us take a simple example by way 
of illustration. 

In Art 84 we have seen that the graph of the polynomial 

/(x) = 2ar* + »+2 

lies entirely above the axis of x, as in Fig. 5. The equation 
/(x) = 0 has no real roots ; but it has the two imaginary roots 

as is evident by the solution of the quadratic. 

We observe, therefore, though 
there are no real roots, there are 
in this case two imaginary expres- 
sions which reduce the polynomial 

The corresponding general propo- 
sition is that every rational integral 
equation has a root, real or imagi- 
nary. Such a root has the general 

« + Ptt, o| X 

a and /} being real finite quantities. 
This form includes both real and 
imaginary roots, the former corre- 
sponding to the value (8 = 0. Fi B . 6. 
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The proof of this fundamental theorem, involving principles 
too intricate to be introduced in an elementary treatise, will 
not be given, and we shall simply assume the prt>pn.>itu>n 
as tme, referring the student for the proof to ltiirnside 
and l'anton's Theory of Eomtl ion*, or Serret's Conns il Alyfbn- 
Sn/ifrieure, or any advanced work on the subject* 

90. Every Equation of the nth Degree has n Roots and No 

It is evident from Art. S3 that if any number A is a root of 
the equation f(x) = 0, then f(x) is divisible by x — li without 



ider; for if /(A) = 0, i.e. if A is a root of /(*) = «, 



Let the given equatiou be 

f(x) = «■ + ;>,*-' +ftaf-« + ... + ;>. = 0. 

This equation must have a root, real or imaginary (Art 80), 
which we shall denote by «,. Let the quotient, when f(r) is 
divided by x—u u be <tn(x); we have then the identical equation 



Again, the equation £,(.<•) = 0, which is of the (« — l)th 
degree, must have a root, which we represent by Let the 
quotient obtained by dividing by x — be +Jx). Hence 



where <fc(x) is of the (n - 2)lh degree. 

l'roceeding in this way. we prove that f(x) consists of the 
product of ii factors, each containing x in the first degree, and 
a numerical factor 

If, in the identical equation 




/(X) 3 (*-«,)*,(*). 



.:f(x)=(x- U ,)(x-, H )U*), 



f(x) = {x- «,) (X - , h ) - (X - «.) 4>.(x), 
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we compare the coefficients of £*, it is plain that <j> n (x) = 1. 
Thus we prove the identical equation 

/(*) = (x - «,) (x - «,) (X - «,) ... (z - «._,)<* - «.). 

It is evident that the substitution of any one of the numbers 
a„ «,•••«. for x in the right-hand member of this equation 
will reduce that member to zero, and will, consequently, reduce 
f(x) to zero; that is, the equation f(x) = 0 has for roots the 
« quantities «„ «_., a, ••• o._„ a.. And it can have no other 
roots; for if any number other than one of the numbers «„ 
u.,, « 3 — «. be substituted in the right-hand member of the 
above equation, the factors will all be different from zero, 
and, therefore, the product cannot vanish. 

This theorem, while of no assistance in the solution of the 
equation /(*) = 0, enables us to solve the converse problem; 
that is, to find the equation whose roots are any it given 
quantities. The required equation is obtained by multiplying 
together the n simple factors formed by subtracting from x 
each of the given roots. 

It follows also from the present theorem that, when any 
(one or more) of the roots of a given equation are known, we 
can obtain the equation containing the remaining roots by 
dividing the given equation by the given binomial factor or 
factors. The quotient will be the required polynomial coin- 
posed of the remaining factors. 

EXAMPLES. 

1. Find the equation whose roots are 

2, -1, -4, +3. ^>ts. x*- 15 x* + 10 x + 24 = 0. 

2. Two of the roots of the equation 

x* - 5a? - 18* + 53x + 60 = 0 

are —3, +4 ; find the other roots. Use the method of division 
of Art 82. 
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3. Find the equation whose roots are 

-2, 0, +1, +5. 

4. In the equation 

x , -Sx t -10x + 4S, 
one root is — 4 j find the other roots. . 

5. Solve the equation 

x* - 1C x> + SG a» - 176 x + 105 = 0, 
two roots being 1 and 7. Ans. Other roots 3, 5. 

6. Form the eqnatiou whose roots are 

-i, 2, +|. Ant. 15*» + 37z» + 12.c-4 = 0. 

7. Solve the equation 

s<-4*»-8s + 32 = 0, 
two roots being - 1 + V=3, - 1 - V=3. 

8. Solve the cubic equation 

a:'- 1=0. 

Here it is evident that * = 1 satisfies the equation. Divide 
by a; — 1, and solve the resulting quadratic to get the other 
two roots. 

9. Solve the cubic equation 

x*+l=0. 

9L Equal Roots. It is evident that the « factors of which 

a polynomial f(r) consists need not lie all different from i 

another. The factor x — u, for example, may occur in the 
second or any higher power not superior to n. In this case 
two or more of the » roots of f(x) are equal to one another, and 
the root « is called a multiple root of the equation,— double, 
triple, etc., according to the number of times the factor is 
repeated. 
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Equal roots form the connecting link between real and 
imaginary roots. A reference to the graphic construction 
(Art 84) will make this plain. Or, returning to the equation 
given in Art 40, we know that the two roots of the equation 
air , + bx + c = 0, are reed, if V>4ac, equal, if 6 , = 4ac, and 
imaginary, if 6*<4ac. 

92. Theorem. In an equation with real coefficients, complex 
roots occur in pairs. 

Let f(x) be a rational, integral function of x in which the 
coefficients are all real ; then if « + j8 V — 1 is a root of the 
equation f(x) = 0, « — j8V^l will also be a root 

For when « + (SV^l is put for x, the function f(x) takes 
the form P+QQyf^, where Pand Q involve even powers of 
p. Now as the coefficients in f(x) are supposed real, V^T can- 
not occur except with some odd power of £. If then a— /? V^l 
be substituted for x in f{x), the result will be obtained by 
changing the sign of /? in the result obtained by subs tituting 
« + 0V^Iforsi the result is therefore P-Q/SV^l. (Art 
61, Cor. 2.) 

Now if a + pV=l is a root of /(*) = 0, then 

P+Q£V^T = 0, 

and, therefore, Art 57, since & is not zero, 

P=0, and Q = 0. 

Hence P-Qj8V="l = 0, 

and « — p V^Tl is also a root of f(x) = 0. Thus the total 
number of imaginary roots in an equation with real coefficients 
is always even. 



Note. A proof exactly similar to that above given shows that jiirrf roof», 
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EXAMPLES. 

1. Form a rational cubic equation which shall have for two 
of its roots 

1, 3-2V^T. 

2. Form a rational equation which shall have for two of it.s 
roots 

1+5V=T, B-V-l. 
An*. 3f -12 x> + 72 *» -312 1 + 076 = 0. 

3. Solve the equation 

x>- x i-8x> + S = 0, 
which has a root 1+VH. 

4. Solve the equation 

2x>-x'-Gx + '7, 
one root being 2 + V— 7. Ans. 2 ± V— 7, — J. 

93. Descartes' Rule of Signs. This celebrated theorem of 
Descartes* establishes an interesting and useful relation 
between the number of changes of sign of the first member 
of an equation, f(x) = 0, and the number of real roots, and, 
thereby, enables us to find a superior limit to the number of 
positive and negative real roots of an equation. 

Definition. When each term of a set of terms has one of 
the signs + or — before it, then in considering the terms in 
order, a continuation is said to occur when a sign is the same 
as the immediately preceding sign, and a >A«H</i't is said to 
occur when a sign is contrary to the immediately preceding 
sign. Thus in the expression 

n? - 2 J - 3 * + I S + x* + 2 *» - .3 x> - x + 1 
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there are four continuations and four changes. It is obvious 
that in any complete equation the number of continuations to- 
gether with the number of changes is equal to the number 
which expresses the degree of the equation. If in any com- 
plete equation we put - x for .r, the continuations and changes 
in the original equation become respectively changes and con- 
tinuations in the new equation. 

(a) Positive Roots. 

The6rem. So equation can have more positive real roots 
than it lias changes of sign from + to -, and from - to +, 
in the terms of its first member. 

Let the signs of a polynomial taken at Tandom succeed each 
other in the following order: 

+ + - + + + -1— + - + 

In this there are in all eight changes of sign. It is proposed 
to show that if this polynomial be multiplied by a binomial 
whose signs, corresponding to a positive root, are + — , the 
resulting polynomial will have at least one more change of 
sign than the original. Writing down only the signs that 
occur in the operation, we have 

++- + +++-+-+ 



++-+ +++-+-+ 

+ - + + + - + - 

+±-+-T+±±-+-+- 

Here, in the result, the ambiguous sign ± is placed wher- 
ever there are two terms with different signs to be added. 
AVc readily see that in this case, and in any other arrangement, 
the effect of the process is to introduce the ambiguous sign 
wherever the sign + follows +, or - follows — , in the orig- 
inal polynomial. The number of variations of sign is never 
diminished, and there is always one variation added at the 
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end. By trying different arrangements of signs, it is easy 
to convince ourselves that, in even the most unfavorable case 
— that, namely, in which the continuations uf si.nn in the 
original remain eontinmition.s in the resulting polynomial, — 
there is one variation added. We may conclude in general 
that the effect of the multiplication of a polynomial by a 
binomial x — a is to introduce at least one change of sign. 

Now suppose we have a polynomial formed of the product 
of the factors corresponding to the negative and imaginary 
roots of an equation. The effect of multiplying this by each 
of the factors x — it, x — f}, x — y, etc., corresponding to the 
positive roots «, p, y, etc., is to introduce at least one change 
of sign for each ; so that when the complete product is formed 
containing all the roots, we conclude that the resulting poly- 
nomial has not more positive roots than there are changes of 
sign. 

(6) Negative Roots. 

Theorem. Xo equation can have a greater number of nega- 
tive roots than there are cluwges of siyn in the terms of the i>oly- 
nomiul /(-*). 

Now, if - x be substituted for x in the equation f(x) = 0, 
the resulting equation will have the same roots as the original, 
except that their signs will be changed j for. from the identical 

f(x) =(x- «,) (x - «„) (*-«,)...(*- «.). 

/(- x) = ( - 1)" (x + «,) (x + «,) (x + «,)••• (,x + «.)• 
From this it is evident that the roots of /(- x) = II are 

-«„ -iu, - «.. 

Hence the negative roots of f(r) are ]x.sitive roots of f{-x), 
and our theorem for negative roots is true. 
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EXAMPLES. 

1. If the coefficients in f(x) are all positive, the equation 
f(x) = 0 has no positive root 

2. If the coefficients in any complete equation be alter- 
nately positive and negative, the eqnation cannot have a nega- 

3. If an equation consist of a number of terms, whose 
coefficients are positive followed by a number of terms whose 
coefficients are negative, it has one positive root and no more. 

Apply Art 85 and Art. 93. 

4. If an equation contain only even powers of x, and if all 
the coefficients have positive signs, it cannot have a real root. 

5. If an equation contain only odd powers of x, and if all 
the coefficients have positive signs, it has the root zero and no 
other real root 

6. Find an inferior limit to the number of imaginary roots 
of the equation 

3»-3*»-ai + l = 0. 
Here, Art 93, the arrangement of signs for /(a;) = 0. 



exhibits two changes of signs, hence there cannot be more 
than two positive roots j and, examining the arrangement for 

/(— a;) = 0, H h +, we find again two changes of sign, so 

there cannot be more than two negative roots. As there are 
six roots in all, it follows that there must be at least two 
imaginary roots. 

7. Find an inferior limit to the number of imaginary roots 
of the equation 

a* + 3:i!* + 4ar- + 2a;-6 = 0. 



Ans. At least four imaginary roots. 
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Am. Oue positive, 1 negative, 2 imaginary. 

9. Show that the equation 

a?+ f /x + r = 0, 

where q and r are essentially positive, has one negative and 
two imaginary roots. 

10. Find the nature of the roots of the equation 

x , — qx + r = 0. 

11. Show that the equation 

*"-l = 0 

has, when n is even, two real roots, — 1 anil + 1, and no other 
real root; and, when » is odd, the real root 1, and no other 
real root. 

12. Show that the equation 



has, when n is even, no real root; and, when n is odd, the real 
root — 1, and no other real root. 



8. Find the 



of the roots of the equation 



*" + l=0 



CHAPTER VII. 



RELATIONS 



ROOTS 



3TS AND COI 
FUNCTIONS. 



SYMMETRIC 



94. Relations between tlie roots and coefficients of an equation. 
Kepresentiug the n roots of the equation 

f + Pi*'- , +PT>r-'+-+P.-iX+p. . . . (1) 
by a u e^, a* ••• a„ we have the identity 



When the factors of the second member of this identity are 
multiplied together, the highest power of x in the product is 
ar", and the coefficient of this term is unity. The coefficient of 

the second term, a!"" 1 , is — «,— «»—«,— «, that is, 

the sum of the roots with their signs changed ; the coefficient 
of x— 1 is the sum of the products of the roots taken two and 
two ; the coefficient of a:" -5 is the sum of the products of the 
roots taken three at a time, with their signs changed ; and so 
on, the last terra being the product of all the roots with their 
signs changed. Therefore, equating coefficients of like powers 
of x on each Bide of the identity (2), we have 



af+^af-' +j V r-*+ ... + J >._,a ! +p, 
= (a)-«,)( ! »-«0(x-« i )"-(*-«.) 



• • (2) 



Pi = -(« 1 + (h + <h+ - + «.) 

!>»= («!«.+ «!«*+-) 

Pt = - («!«=«S + + — ) 



.... (3) 



P. = ( - l)"«,<v«a— «„-i«. 
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These results give us the following relations between the 
roots and coefficients: 

In every algebraic equation, the coefficient of kIumw highest term 
is uuily, " ie coefficient p, of the second term, icitk it* sign changed, 
is equal to the sum of the root*. 

The coefficient p, of the thinl term is etpial to the am of the 
products of the roots taken Uco by tteo. 

Tin coefficient j>, of the fourth term, with its sign changed, is 
equal to the sum of the products of the roots tuken three by three, 
and so on, the signs of the coefficient* being alternately negative 
and positive, till filially that function is reached which consists of 
the product of the n roots. 

When the coefficient n 0 of a" is not unity (Art. 51), we must 
divide each term of the equation by it. 

Cor. I. Every root of an equation is a divisor, whole or 
fractional, of the absolute term of tho equation. 

Cor. II. If the roots of an equation bo all positive, the 
coefficients (including that of the highest power of r) will lie 
alternately positive and negative; and if the roots lie all 
negative, the coefficients will be all positive. 

95. It might perhaps be supposed that the relations given 
in the preceding article would enable us to find by elimination 
the roots of any proposed equation; for they furnish equa- 
tions involving the roots., and the number of these equations 
is the same as the numlier of the roots. Itut this is not the 
ease, for, on attempting this elimination, we merely repmlnee 
the proposed equation itself, as the following example will show : 
Let a, fi, y be the roots of the eubic equation 

J + Pi* 1 + IV + }>* = » O 

We have, by Art. 04, 

lh = - (u + p + y), 
+ + 0V- 
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Multiplying the first of these equations by ««, the second 
by a, and adding the three, we find 

Pit* +lW+lh = -<*'> 
or it+prf+pji+^O, 
which is the given cubic with a in the place of x, and, there- 
fore, we are no nearer the solution of (1) than we were at first. 

Thus, although the equations (3) afford no aid in the general 
solution of the equation, they are often useful in facilitating 
the solution of numerical equations when any particular rela- 
tions among the roots are known to exist, as will be made 
apparent by the following examples. 

EXAMPLES. 

1. Solve the equation 

a? _3 a? + 4 = 0, 
two of its roots being equal. 
Let «, «, j8 be the three roots. We have 
2« + j 3 = 3, 
«» + 2oj8 = 0, 

from which we find « = 2, 0 = - 1. The roots are 2, 2, - 1. 

2. Solve the equation 

a* -5 a* -16 a; + 80 = 0, 
the sum of two of its roots being zero. 
Let the roots be «, ft y. We have then 
« + j8 + y= 5, 

«/3 + «y + /Jy = -16, 
aPy = - 80. 

Talcing 0 + y = 0, we get a = 5, 0 = 4, y = - 4. Thus the 
three roots are C, 4, — 4. 
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3. The equation 

x t -4z>- 12x> + 32x + 64 = 0 
has two pairs of equal roots; find theui. 

4. Solve the equation 

a*_«Jj!» + 14a; + 24 = 0, 
two of whose roots are in the ratio of 3 to 2. 

Let the roots be a, ft y, with the relation 2 a = 2ft 

Ahs. The roots are 6, 4, — 1. 

5. Solve the equation 

3* + 2 x> - 21 x> - 22 x + 40 = 0, 
whose roots are in arithmetical progression. Assume for the 
roots « — 35, « — S, « + S, « + 38. 

6. Solve the equation 

8 .e 1 - 30 z» + 35 a? - 1 fl * + 2 = 0, 
whose roots are in geometrical progression. Assume for the 
roots % 2, up, up'. Ahs. }, J, 1, 2. 

P P 

7. Solve the equation 

*»-3*»-a: + 3 = 0, 
whose roots are in arithmetical progression. 

8. Solve the equation 

243?-2<ia? + Vx-l = 0, 
whose roots are in harmonic progression. Ans. J, J, }. 

9. Solve the equation 

as< + 16V + 70 *» + 120* + C4 = 0, 
whose roots are in geometric progression. 

10. The equation 

3<«-25a» + a»as , -fi0jr + 12 = 0 
has two roots whose produc t is 11 j find all the roots. 
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96. Derived Functions. In order to examine an equation for 
equal roots, it will be found convenient to express the derived 
functions (Art. 80) in another form. 

Let the roots of the equation /(») = 0 be «„ nj, «„ ••• «.. 
We have 

/(*) = (x- «,) (*- ad (*- - («- O- 
In this identical equation substitute h + x for x: 

f(h + x) = (h + x- ai )(h + x-«,):.(h + x-aj 
^ =tt' + qfi- 1 + qji-' + — + a„_,A + q„ 

q l = x — a, + x—a, + x — <t > + — + x — a„ 

q, = (x-a^(x- «,)+(x _«,)(»-«,)+•••+ (x - «„.,) (x - «.), 

?_i = (*-«0 (* - «,) •••(*- «0 + (*- «■) <.* - <0-(* - «.) -K 
••• + (*-«.)(*-«,)-(*-«<.->)> 

? .=<»-«0(*-<*)(*-«d--<*-«0. 

Also we have, by Art. 80, 

f(h + x) =/(») +f(x)h + - + ft". 

Equating the two expressions for /(ft + x), we obtain 
/(*) = («-«,)(* -«,)•• •(*-«„), 

/'(at) = (a; — «j)(a! — «j) ••• (a — «,) H — , as above written, - 
^ = the similar value of q n _, in terms of x and the roots, 

The value of f(x) may be conveniently written as follows : 

/w x-u,x-a,^ + x-a. 



Art. OS SOOTS AND COKFFWIBXTS. 



V2'J 



97. Multiple Roots. 

Theokkm. A multiple root of the order p of the tv/««/m« 
/(*) = 0 is a multiple root of the ortler p—lof the first ihrintl 
rtjnution f(x) = 0. 

This follows at once from the expression given for f(x\ in 
the preceding article; for, if the factor (x — ■<,)' occurs in 
f(x), that is, if «, = «.= ...= «„ we have 

Each terra of this will still have (x-u,r as a factor, ex- 
cept the first, which will have (jr-« 1 )'- 1 as a factor: hence 
(x - <({/-' is a factor inf(x). 

Cor. I. Any root which occurs p times in the equation 
f(x) = 0 occurs in degrees of multiplicity diminishing by 
unity in the first p — 1 derived equations. 

Since /"(*) is derived from fix) in the same manner ax 
f(x) is from /(*), it is evident by the above theorem that 
f'(x) will contain (x- «,)»-» as a factor. The next derived 
function, /'"(*), will contain (x-k,)"- 3 ; and so on. 



9a Determination of Multiple Roots. 

From the preceding article it is obvious that if f(x) anil 
/'(*) have a common factor (x - «)»-\ (x - uf will Ik- a factor 
in/(x); hence « is a root of f{x) of multiplicity p. In the 

same way, it appears that if f(x) and fix) have other n- 

mon factors (x - 0)«-', (x - y)'->. (x - tf etc.. the equation 
f(x) = 0 will have r/ roots equal to fi, r roots equal hi y, » mots 
eipial to 8, etc. 

Hence, in order to examine an equation fix) for equal nhiI* 
and to determine these roots, if such exist, we must find the 
highest common factor of fir) and fix). Let this Ik- l\[x) -i>. 
The solution of F,(x) = 0 will give the equal roots. 
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EXAMPLES. 

1. Find the multiple roots of the equation 

J-ltf + lSx-Vl^O. 

Here the H. C. F. of /(*) = - 7 a? + 16 x - 12, ami f (x) 
= 3.1? - 14* + 16 is 3-2; hence (a: - 2)« is a factor in /(.c). 
The other factor is x — 3, hence the roots of the equation 

Whenever, after determining the multiple factors of /(as), 
we wish to get the remaining factors, it will he convenient to 
apply Horner's method of division (Art. 82). In this example 
we would divide twice by x - 2, the calculation being repre- 
sented as follows 

1 _7 +16 -12 

2 -10 +12 
1-5 6 0 

2 -6 
1-3 0 

Thus 1 and — 3 being the two coefficients left, the third fac- 
tor is x — 3. This operation verifies the previous result, the 
remainders after each division vanishing as they ought. 

2. Find the multiple roots, and the remaining factor of 
the equation 

a?-10a? + 15z-6 = 0. 
The H. C. F. of f(x) and /'(*) is z»-2a+l. Hence (x-lf 
is a factor in f(x). Dividing three times in succession by 
x- ,weo n /ix)s(r _ milf + 3x + e) 

Find the multiple roots of the following equations : 

3. *» + *»- 16* + 20 = 0. 

4. x<-2i» -11 1? + 12* + 36 = 0. 
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5. x , -Ux'+l$x-8 = 0. 

6. z«- llz 8 + 44 j? -76* +18 = 0. 

J»*/C)a<*-2)X*-3)(*-4). 

7. 2« , -12jt> + 19j?-6j + 0 = 0. 

■Jim. The roots arc 3, 3, + JV-~T', - 

8. Show that the binomial equation 

x"-i>" = 0 

cannot have equal roots. 

9. Apply the method of Art 08 to determine the condition 
that the cubic 

x> + 3IIx+O = 0 
should have a pair of equal roots. Ans. O ' + 4 II* = 0. 

The ordinary process of finding the H.C. F. oif{x) and/V) 
may often become very laborious. It is chiefly in connection 
with Sturm's theorem (Art. 118) that the operation is of any 
practical value. Multiple roots of equations of degrees inferior 
to the sixth can be determined more readily by trial. 

99. Theorem. — In panting continuously from « taint a — h 
of x a little less than a real root « of the equation fix) = 0 to « 
mine u + h a little greater, the inlyuomiuls .^j-) umi f(.n //«>•«' 
unlike kiijhs immediately before the passage through the root, unit 
lite signs immediately after. 

Substituting it - h inf(*) and /*(*)» and expanding, we have 

f( a -h)=A tt )-A.,)h+-p'pr--, 
/(«-/.) = /(«) -/'(«)» + -.. 

Now, since. X«) = 0, the signs of these expressions, depend 
ing on those of their first terms, are unlike. When the sign 
of h is changed, the signs of /(■< + ft) and fdt + h) are like. 
Hence the theorem. 
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100. The Cube Roots of Unity. Equations of the forms 

a--j, = 0, x"+ 1 i = 0, 

are called binomial equations. We shall see later that such 
equations' are intimately connected with the more special forms 

*" - 1 = 0, x" + l = 0, 

the roots of the first of which are called the n nth roots of 
unity. We shall here consider the simple case of the binomial 

We have seen (Ex. 1, Art 73) that the roots of the cubic 
a- 1 - 1 = 0 

are 1, -J + *V=3, - 4 -iV^3. 

(See also Ex. 8, Art. 90.) 

If either of the imaginary roots be represented by u, the 
other is easily seen to be <o s by actual squaring. We have 
then the identity 

a? -l = (s-l) (*-*,)(* -«,«). 
Changing x into — x, we get the following identity also : 

which gives the roots of X* + 1 = 0. 

Whenever <a raised to any higher power than the second 
presents itself, it can be replaced by o>,or w s , or 1; for example 

= „, = „, = = 

m « = w ».< u » = l,etc. 

Hy the first or second of equations (3), of Art. 94, we have 
the following property : 

l+<u + ^ = 0. 
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Cor. It is important to observe that, corresponding to the 
n Nth roots of unity, there are n nth roots of any quantity. 
The roots of the equation 

z"-a = 0 

are the n nth roots of a. 
The three cube roots, for example, of o are 

where -v'rt represents the ordinary (real) cube root Each of 
these values satisfies the cubic, equation j- 1 — a = 0. 

Thus, besides the ordinary cube root 3, the number 27 has 
the two imaginary cube roots 

as the student can easily verify by actual cubing. 

EXAMPLES. 

1. Show that the product 

(«m + A)(^»+««) 
is rational. Am. m , -mn + »«. 

2. Show that the product 
is rational. 

3. Form the equation whose roots are m + n, um + <■>*», 
u*/ii + an. 

101. Symmetric Functions of the Roots. Symmetric func- 
tions of the roots of an equation are those which are not 
altered if any two of the roots bo interchanged. For example, 
if «, /}, y are the roots of a cubic equation, « + /S+y, 
«/} + ay + Py, ufiy are symmetric functions, for all the roots 
are involved alike. The functions ;<,, j>„ i>„ etc., of Equation 3, 
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Art 94, are the simplest symmetric functions of the roots, each 
root entering in the first degree only in any one of them. We 
can often, as shown by some examples appended to this article, 
obtain the values of a great variety of symmetric functions in 
terras of the coefficients of the equation whose roots we are 
considering. 

A symmetric function is usually represented by the Greek 
letter 2 attached to one term of it, from which, by analogy, the 
entire expression may be written down. 

Thus, in the case of a cubic, whose roots are a, /}, y, 

where all possible products in pairs are taken, and all the 
terms added after each is separately squared. 

Again, 2«'0 = «*0 + « s y + 0'y + + y'« + /ft 
where all possible permutations of the roots, two by two, are 
taken, and the first root in each term then squared. 

In the case of a biquadratic, we have 

2<tF = +«V + « ! 8 2 + 0y + + y'S 5 . 
We give a few examples, which may serve to give the stu- 
dent some insight into the formation of this class of functions. 

EXAMPLES. 

1. Find the value of of the roots of the cubic equation 

3?+pit? + qx + r = 0. 
Multiplying together the equations 

a + /}+y=-p, 
/}y + ya + af}=q, 
we obtain 3« 5 /8 + 3 afiy = - pq ; 

hence 2«*/S = 3r-p</. 
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2. Find for the same cnbic the value of «' + f? + y*. 

Ant. 2n* = i?-2q. 

3. Find for the same cubic the value of 

Multiplying the values of S« and 2a*, we obtain 
«" + /S 3 + y* + 2« ! /S = -j>» + 2pq; 
hence, by Ex. 1, 2«" = - )? + 3j*j - 3 r. 

4. Find for the same cubic the value of 

5. If a, P, y, 8 are the roots of the biquadratic equation 

<t*+p J » + q J > + rx + s = Q, 
find the value of the symmetric function 
2«'/Jy s «'0y + «'/3S + a'yS + /3»«y + j8*«S + /S»>S + y»«/S + 
-(- y ' j 8S + S««/3 + S ! «y + S , i8y. 
Multiplying together 

« + 0 + y + S = -2>, 
a0y + «/3S + «yS + /8yS = -r, 
we obtain S««/3y + 4 «0 y S = i»- } 

hence S«'/Sy = J»r - I ». 

6. Find for the same biquadratic the value of the sym- 
metric function . „ 

«» + 0 s + / + «*. 

7. Find the value, in terms of the coelKcicnts, of the sum 
of the squares of the roots of the equation 

*" + J>i*-' + ft*""* + - + V. = °- 
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TRANSFORMATION OF EQUATIONS. 

In many cases the discussion and solution of an equation 
is facilitated by some algebraic transformation that will change 
it into a form more convenient for investigation. We shall 
now consider some simple and useful cases of transformation. 

102. To transform an Equation into Another, the Roots of 
which are those of the Proposed Equation with Contrary Sign. 

Let u u «s « 3 ■•■ «„ be the roots of the equation 

*+p*r- l +p0-*+ - +j>„ = 0. 
We have then the identity 

a p+p#-*+p / r* + ... +p . 

Changing x into — y, we have, whether » be even or odd, 

y" - p, sr' + pot* — t ± p . 
= (y +«.) to/ + <h)toi +«,)•••(? + «.)= o. 

The roots of the last equation are — «„—«»—«, «„ 

and thus the transformed equation may be obtained from the 
given equation by changing the sign of Hie coefficient of every 
other term beginning Kith the second. 

In applying this rule to an eqnation that is not complete, 
we must first supply the missing terms by writing thein down, 
each in its proper place with zero for a coefficient 
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EXAMPLES. 

1. Find the equation whose roots are the roots of 

a?-4x , + $X , + x> + 7*? + 2x + 5 = 0 
with their signs changed. 

2. Change the signs of the roots of the equation 

a? + 2 it* + 4 *• + j: 1 + 5 x> + G = 0. 

Ans. a" + 2 ^ + 4** -a? + 5 a? + 0 = 0. 

103. To transform, an equution into unotker, the roots of which 
are equal to those of the projiosed equation MuUiplteil by a ghen 
quantity. 

Let «„ ••• «. be the roots of an equation /(jr) = 0, and 
let it be required to transform the proposed equation into 
another, the roots of which shall Ik- fr«„ ku„ kit n — X«„. 

Assume x = |, and substitute in the identity of the preced- 
ing article. After multiplying by k", we have 

y* + tfcjr" 1 + VlW"-' +■■■+ 1— V-i* + *"J». 

■ Of -*«i)Csf -*«d».(sr- 

Hence, to multiply the roots of an equation by a given 
quantity h; we hare only to mollify the snccessice coefficients, 
beginning with the second, by k, k*, k\ — k M . 

Any missing power of x must lie written with zero as its 
coefficient before the rule is applied. 

This transformation is very useful for removing the coeffi- 
cient of the first term when it is not unity, and, in general, 
for removing any fractional coefficients. When there are frac- 
tional coefficients, we get rid of them by using a multiplier k 
which may be determined by inspection. 
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EXAMPLES. 

1. Change the equation 

a* 1 - 3*" + 6V - 4z + 6 = 0 

into another the coefficient of whose highest term will be unity. 
We multiply the roots by 2. 

Ana. a 4 -3a? + 10z , -16:<; + 48 = 0. 

2. Make a similar transformation for the equation 

3 X s + - 5 t? + 2 »•» - T * + 5 = 0. 

3. Remove the fractional coefficients from the equation 

a?- + 1 = 0. 
Here we multiply the roots by 6, thus 

w»- (c)'=o. 

Ana. a? -3 a* + 24 3-2:16 = 0. 

4. Remove the fractional coefficients from the equation 

*+&* + H* + Tih = 0, 
supply missing term, and use 10 as a multiplier. 

Ana. *• + 30 a* + 520 a + 770 = 0. 

Remove the fractional coefficients from the following 
equations : 

5. z>-ftx> + $x + l=0. 

6. ^-1^ + ^-4 = 0. 

7. ^-l^- Aac + r }, = 0. 

8. ^-^ + ^+13-^ = 0. 
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104. To Transform an Equation into Another the Roots of 
which are the Reciprocals of the Roots of the Proposed Equation. 
Here we substitute - for * in the identity of Article MS. 
Making this substitution and reducing, we have 

lP+ 8a ir . + » ir . + _ + a t+ i 

Hence, if, in the given equation, we replace x by - and mul- 
tiply by y", the resulting equation will have for roots the 
reciprocals of a„ «» ••• 

EXAMPLES. 

Find the equations whose roots are the reciprocals of the 

1. x>-3*? + 7x' + iix-2 = 0. 

Ana. 2/-5jf > -7j/» + 3 J j-l=U. 

2. a* -7a* -Mar" -7* + 2 = 0. 

3. x , -5x i -x' + 5i? + 7x+10 = 0. 

4. a»-3^-C = 0. 

105. Infinite Roots. If p. = 0, one root of /(x) = 0 is zero, 
and, therefore, by Art. 101, the corresponding root of 

/©-•-J- 
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That is, if in an equation the coefficient of x" (the highest power 
of x) is 0, one root is infinity. 

Thus, one root of the equation 

(mi - n)x*- 3»as» + 2* -10 = 0 
is infinite, if m = n. 

In like manner, if the coefficients of if and x- 1 are both 0, two 
roots are infinity, and so on. 

106. Reciprocal Equations. Reciprocal or recurring equations 
are those which remain unaltered when x is changed into its 
reciprocal. 

The conditions that must hold among the coefficients of an 
equation in order that it should belong to this class are, by 
Art 104, as follows: 




The last of these conditions gives p*=l, or p. — ±\. 
Reciprocal equations are divided into two classes, according as 
p, is equal to + 1, or to — 1. 

(o) In the first case, we have 

P*-i = Pi) P.-i=Po — Pi =P*-i> 

and these relations determine the first class of reciprocal equa- 
tions, in which the coefficients of the corresponding terms 
taken from the beginning and end are equal in magnitude, 
and have the same sign. 

(6) In the second case, when p. = — 1, we have 

P.-i = -P„ P.-, = -p» - fh=-P.-u 

which relations give the second class of reciprocal equations, in 
which corresponding terms taken from the beginning and end 
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are equal in magnitude, but different in sign. In this ease, 
when the degree of the equation is even, say n = !'»«, one of 
the conditions becomes = - ?>„, or )> m = 0, so that in recipro- 
cal equations of the second class, whose degree is even, the 
middle term is absent. 

It is evident that the roots of reciprocal equations occur in 
pairs, u, i j etc. When the degree is odd, there must he 

a root which is its own reciprocal, and it is obvious that in 
this case — 1 or + 1 is a root according as the equation is of 
the first or second class. In either case we can divide by the 
known factor (x + 1 or x — 1), and what is left is a reciprocal 
equation of even degree and of the first class. 

In equations of the second class of even degree ar* — 1 is a 
factor, and, by dividing by jr* — 1, this is reducible to a reeip- 
rocal equation of the first class of even degree. Hence all 
reciprocal equations may be reduced to those of the Jtnt class 
of even degree, which, therefore, may be regarded as the stand- 
ard form of reciprocal equations. 

We append a few examples, with some hints as to the method 
of solving such equations. 

EXAMPLES. 

1. Solve the reciprocal equation 

ai> + 3»-ix' + x + l = 0. 
Dividing through by x*, this becomes 



^ + ^-4 + 1+^=0. 
Adding and subtracting 2, this may be put in the form 



and 
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therefore 



.-. i» + i = 2 or —3. 




Solving this quadratic, the first value gives x = 1, and the 



2. Solve the equation 

x 1 - 1 = 0. 

This is a reciprocal equation of the second class. Dividing 
by .e - 1 (since x = I is evidently a root), we reduce it to the 
l-i'tini-ocal equation of the first class of the fourth degree. 



Solving this as in the preceding example, we get finally 
x = JJ1 T V5 ± V=T(10 ± 2 V5)*|, 
which expression gives the four values of x. 

3. Reduce to a reciprocal equation of even degree and of 
first class 

3? + %x*-i£x* + i£x , -ix-l = 0. 

4. Solve the reciprocal equation 

2 x* + I s - 13 it' + 1 3 a? - x - 2 = 0. 
Divide the left-hand member by a? - 1. 



second gives x-. 



-3±V5 



x* + x> + x> + x + l=0, 
or, dividing by a* and arranging terms, 
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107. To transform an Equation into Another, the Roots of 
which shall be Less (or Greater) than those of the Proposed Equa- 
tion by a Constant Difference. 

Let f(x) = 0 be the proved equation. In this equation 
we change x into y + Jr. The resulting equation in >j will have 
roots each less or greater by k than the given equation in t, 
according as k is i>ositive or negative. The resulting equation 
is (Art SO) 

/(*) +/(*)? + =ff|V + - + V = 0- 

The following mode of formation of this equation is, for 
practical purposes, much more convenient than the direct cal- 
culation of the derived functions and the substitution in them 
offc 

Let the proposed equation be 

/(*■) = *- + +1^-'+ - +p„ l x + p, = 0, 
and suppose the transformed polynomial in y to be 

p<it + i'i!i"- x + flar* + - + p.-$ + p.; 

since y = x — k, this is equivalent to 

P,(x - *)" + P,(x - *)- + - + />„_,(* - k) + F„ 

which must be identical with the given polynomial. We con- 
clude that if the given polynomial be divided by x — k, the 
remainder is I'., and the quotient 

r& -*)- + />,(* -*)-»+ - + y..^x-i) +/>.., j 

if this again be divided by x - k, the remainder is /'„_,, and 
the quotient 

P v (x - k)—* + P,(x - V)— + - + /'..,. 

Proceeding in this way we can. by a repetition of the c.pera- 
tions explained in Art. «S-, calculate in succession the several 
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coefficients P„ P_„ etc., of the transformed equation; the 
last, P u being equal to unity, as we know from other con- 
siderations. 

We shall find, when we give in Chapter IX. an explanation 
of Horner's Method, that the best practical method of solving 
numerical equations is only an extension of the process here 
indicated. A few examples will make the process plain. 

EXAMPLES. 
1. Find the equation whose roots are the roots of 
*< + *•- 29 a* -9* + ISO, 
each diminished by 6. 
The calculation is best exhibited as follows : 



1 1 -29 -9 180 




Here the first division of the given polynomial by as — C 
gives the remainder 594 (P,), and the quotient 

ar , + 7ai , + 13a: + G9 (compare Art. 80). 

Dividing this again by x — 6, we get the remainder 615 (P,) 
and the quotient a? +13 a: + 91. Dividing again, we get the 
remainder L'lW (/',) and the quotient x + 10, and dividing this 



we get Pi = 25, and /' 0 = 1 ; hence the required transformed 
equation is 

tf + 25 + 205 if + Cloy + 504 = 0. 

2. Find the equation whose roots are the roots of 

^ + 4^-^ + 11 = 0, 
each diminished liy 3. 

Mi. f + 15 u 1 + 04 >? + 305 f + 507 y + 353 = 0. 

3. Find the equation whose roots are the roots of 

4z ! -2!r» + 7ii;-3 = 0, 
each increased by 2. 
Here we divide by x + 2, as follows : 



40-2 0 7-3 




-40 

The transformed equation is therefore 

4 ,f _ 40 if + 158 if - 31 K if + 303 y - 129 = 0. 

4. Increase by 5 the roots of the equation 

3^ + 7jr'-15r , + r-2 = 0. 

5. Diminish by 20 the n«.ts of the equation 

5*>-V\*- 12 r+ 7 = 0. 
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10B. Removal of Terms. The solution of an equation is 
often facilitated by the removal of a certain specified term, 
which can be done by the transformation of Art. 107, as we 
shall now show. 

If f(x) = 0 be expressed in the form 

cyf + a&-> + a*?-' + - + a. = 0, 

and the transformed equation be written in descending powers 
of y, we have 



f If we give k such a valne that naje + a, = 0, the transformed 
equation will be wanting in the second term. 
If t be either of the values which satisfy the equation 

2i^l-> a# + (» - l)a,fc + a, = 0, 

the transformed equation will want the third term. 

To remove the fourth term, a cubic equation will have to be 
solved ; and so on. The following examples will illustrate the 
method: 

EXAMPLES. 

1. Transform the equation 

ar'-6^+12a! + 19 = 0 
into one wanting the second term. 

uajc + a, = 0 gives k = 2; therefore we must diminish the 
roots by 2. Ans. y> + 27 = 0. 

2. Transform the equation 

* , -4sr , -18a?-3* + 2 = 0 
into one wanting the third term. 



o«j.+(j«a-+o 1 )3r i +|:' 




'aj? + (n-l)a,* + (.,]• s~' 



+ ••• = 0. 
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The quadratic for k is 

6 V - 12 k - 18 = 0, giving k = 3, k = - 1. 

Thus there are two ways of effecting the transformation. 
Diminishing the roots by 3, we get 

^ + 8/-llly-19C = 0. 

Increasing the roots by 1, we get 

y«-8y' + 17y-8 = 0. 

3. Transform the equation 

ac 4 + S* , + a;-5 = 0 
into one wanting the second terra. 

4. Transform the equation 

k»-6x , + 9z-10 = 0 
into one wanting the third term. 

109. The Algebraic Solution of the Cubic Equation. Let the 

general cubic equation be written in the form 

a* + 3 ;>,** + 3 ft* + ft = 0 (1) 

We first simplify this by transforming it into an equation 
lacking the second term. To do this, we replace x by >/ + k 
(Art. 107), where * is determined by the equation (Art 1(18) 
3* + 3ft=0, 

which gives k = — p. 
Then (1) becomes 

(j-;>.)' + 3ft(jf-A) 5 + 3ft(j-ft)+ft = 0 • (2) 
which reduces to the form 

,f + Zlhl + r. = 0 (3) 

where // = ft - Pi and <! = 2 pf - 3 ft p. + ft. 
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To solve (3), assume 

... y» = ,• + « + 3 r*aV + **). 

.-. y>-3rWy-(r + ») = 0 (4) 

Comparing coefficients in (3) and (4), we have 
rW = -//, r+s = -G; 
from which equations we obtain 

r = 4(-G+VG' + 4i/») (5) 

.= l(-ff-VC+4^ (G) 

and, substituting for a* its value we have 

y = ^ + (7) 

the value of r being given in (5). 

We observe that if r be replaced by s, this value of y is 
unchanged, as the terms are then simply interchanged ; also, 
since A has the three values aVr, w'-y'r, obtained by mul- 
tiplying any one of its values by the three cube roots of unity 
(Art. 100), we obtain three, and only three, values for y ; namely, 

We have then x+pi = ^ + ^~ (8) 

as the complete algebraic solution of the cubic equation 

^ + 3^ + 37^ + ^ = 0, 
the square root and cube root involved being taken in their 
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110. Application to Numerical Equations. The suluti. f 

the cubic obtained in the last article is of little pr.ictiual value, 
when the equation lias umnerieal coefficients. For, when tlie 
roots are all not and uneijmtl, t,* + UP<u (this may l« 
shown by Sturm's Theorem, see Chapter IX), whence r is 
imaginary, and the roots involve the square root of an imagi- 
nary number, whieh in general we cauiiot solve. 11 the equa- 
tion has equal roots, it can be solved; and if it has a pair of 
imaginary roots, it likewise can be solved, for in this cum- 
CP + ill' is positive. In the first ease, namely, when the 
roots are all real, the roots may be computed by the use of 
Trigonometry* 

To illustrate this method by an example, let us solve the 

a?-18a:-33 = 0 (1) 

a!=ri + «i; 

.-. aS»-3rWx-(r + «) = 0 (2) 

.-. rM = C, r + « = 35, 



.-. a - = ri + »l = 3 + 2 = 5. 
The other two roots arc 



J-tf. + ^-'L = -*- W-3. 
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After getting the real root, it is often simpler to depress the 
equation and then get the two imaginary roots by solving the 
resulting quadratic. Here the depressed equation is 

a? + 5a; + 7 = 0 (3) 

and the roots of this qnadratic are 

-* + iV=3 and -$-iV=3, 
which agrees with what we have just obtained. 

EXAMPLES. 

Solve the following equations: 

1. a?-6x , + 10* = 8. Ana. 4, 1 +V=T, 1 -V^l. 

2. n? -0 a? + 28 x = 30. Ana. 3,3+V=l, 

3. a* + 72* = 1720. 5. a?-Ci? + 13a: = 10. 

4. a? + C3a; = 31G. 6. a. 3 - 6 a? + 3 as -18. 
111. Solution of the Biquadratic Equation* 

Here we find it convenient to put the biquadratic in the form 

x t + 2p 3 ? + qx* + 2rx+a = 0 (1) 

Adding (ax + 6)* to both members, we obtain 
x*+2pi?+(q+a')x t +2(r+ab)x+a+b'=(ax+by. . (2) 
Assume 

x'+2px*Hl+<V*+2(r+ab)x+s+b>=(x'+px+k)*. . (3) 
Equating coefficients, we have 

1 >* + 2* = o + a», pk = r + ab, ** = » + &». . . (4) 



Art. Ill TltANSFORXATIOX OF EQUATIOXS. 151 
Eliminating « and b from ( I), wc have 

0* - »•)*=• (2 * +J»» - »)(**-«), 
or 2k* — fyfc* + 2 (y>r — «) A- — yAt + iy* — = 0 . . . (5) 

From this cubic we find, if possible, a real value of k by the 
method of Art. 109. The values of « aud b are then known 
from (-!). 

Subtracting (2) from (3), we have 

^ + P x + kf-(ax + by = 0, 
which is equivalent to the two quadratic equations 
a*+(y>-«)*+(*-&) = 0 > 
x , + ( 1 > + a)x + (k + b) = 0, 
the roots of which arc readily obtained. 
As an example of this method, let us solve the equation 

* , + 2.c s -7.t*-8.e + 12 = 0 (1) 

Adding (ax + b)* to both members, we obtain 

««+2x 1 +(a , -7>t i +2(n6-4)x+6'+12=(<w+6)«. . (2) 
Since p = +l, assume 

a 4 +2a»+(a'-7)*»+2(n6-4)a;+6 , +12=(jr s +x+*)' . (3) 
Equating coefficients, we have 

o« - 7 = 2A- + 1, ub - 4 = fr. b> + 12 = V . . (I) 
.-. (2* + «)(*»- 12) = <* + 4)», 
.-. 2F + 7*»- 32* -112-0. 
Whence k = 4 ; hence o s = lfi, ub = 8, V = 4, and .-. a = 4, 
6 = 2. 
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Therefore, from (2), (3), and (4), we obtain 
(*» + s + •!)«- (4 x + 2)» = 0, 
which is equivalent to the two equations 

a»-3x + 2 = 0, x* + 5x + 6 = 0; 
and, therefore, the four roots are 1, 2, — 2, — 3. 

EXAMPLES. 

1. Solve a*-6i» + 12i*-Ux + 3 = 0. 

2. Solve i e , + 4!e» + 3a > -44a:-84 = 0. 

3. Solve x*-6x*-&x-3 = 0. Ans. -1, -1, -1, 3. 

4. Solve * , -3* , -42a:-40 = 0. 



CHAPTER IX. 



LIMITS OP THE ROOTS OF AW EQUATION. 

112. Definition of Limits. In attempting to find the real 
roots of numerical equations, it is very advantageous to nar- 
row the limits within which such roots must be sought. Des- 
cartes' Rule of Signs gives us the limit of the number of real 
roots, but tells us nothing as to the limit of the value of such 
roots. The closing remarks of Art. 78 suggest that there are 
means of getting the limits between which the roots of a given 
equation must lie, ami we shall now proceed to give some 
of the methods for doing this. 

A superior limit of the positire roots is any positive number 
greater than the greatest of the roots, that is,- nearer + x ; 
an inferior limit of the positive roots is any positive unlabel 1 
smaller than the smallest of them. 

A superior limit of the negative roots is any negative number 
greater in' absolute value than the greatest of them, that is, 
nearer to —05 than the greatest; an inferior limit of the nega- 
tive roots is any negative number smaller in absolute value 
than the smallest of them. In the next three articles we have 
three rules for the determination of the superior limits of the 
positive roots. 

113. Pnoi-osiTios I. In mi eonation 

f(x) = x" + p,x*- , +,Vc-' + .» +/>„_,» + /). = 0, 
if the firat netjulire term In- - pj?- r , ami if the ijrentenl iwijntire 
eoejfkieut be — p u then -^/p~ + 1 1> « snjierior limit of the putitire 
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Now f(x) is certainly positive for any value of x, which 

*" > PA*"' + a""" + •" + * + 1) > ft ^^ZY^' 
But this inequality is true, taking x> 1, if 

or x" +, -:e">; V »-~ , ) 
or *-l 
or af-af->>p„ 
that is aT\x — 1) > pr 

But, since xT 1 > (x - Vy~\ 

x-(x - 1) is > if (x - - 1) > p u 

or (*-l)'> ft. 

Hence f(x) will always be positive, if x = or > 1 +-vfo". 

Hence + 1 is a superior limit of the positive roots. 

114. Proposition II. If in any equation each negative 
coefficient be taken jiositively, and divided by the sum of all the 
positive coefficients tchicli precede it, Uie greatest quotient thus 
formed increased by unity is a superior limit of the positive 

Let the equation be 

« 0 3"+a 1 s- 1 + a#S" , + 0,9?-'+ — + o.= 0 (1) 

in which we regard the fourth coefficient as negative, and we 
consider also a general negative coefficient ; namely, — 
Now, since 

^5i = *~' + *~» + ... + z+l, 
we have x~ = (a; - !)(*-• + x~« + ... + x + 1) + 1. 
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Let us now develop each positive term of equation (1) by 
the formula 

aj~ = ajx - l)(x~-> + *•-« + .« + x + 1) + «„, 

the negative term remaining unchanged. 

The polynomial f(x) becomes then: a,(x — l):*"- 1 

+ ajx - <!„(*- ». +a„(x-l)if-'+ - + «„ 

+ a,(* - l)x" »+ «,(* - 1)^-'+ ... +«,(* - 1) )T+ ... + a„ 

+ a,{x-l)jC »+- + «,(*-lK-'+-+a s , 




In the new polynomial thus formed, representing the left- 
hand member of the transformed equation, the successive co- 
efficients of x"-', x" ', etc., are 

a,(x-l), (a,+ a{)(x-l), (a, + a l + a^(x-l)-a,. etc. 

Any value of x greater than unity is sufficient to make posi- 
tive every term in which no negative coefficient u„ n„ etc., 
occurs. To make the latter terms positive, we must have 

(a, + a, + <u)(x -1)>« M 



(n, + o, + o, + .» «_,) (x - 1) > n„ etc. 
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If now we take for x the greatest of all these quantities, the 
first member will be positive (for this value and for all greater 
values of x) ; ami this will be a superior limit of the roots. 

115. Limit obtained by grouping Certain Terms. It is usually 
possible to determine, by inspection, a limit closer than that 
given by either of the preceding propositions. In this method 
we arrange the terms of an equation in groups having a posi- 
tive term first, and then observe what is the lowest integral 
value of x, which will have the effect of rendering each group 
positive. Such a value of x will be a superior limit of the roots. 

The form of the equation will suggest the arrangement into 
groups in each case.' 

Of the propositions in the two preceding articles, sometimes 
one will give the closer limit, sometimes the other. In most 
cases Prop. II will give the closer limit. Of course the 
smaller the number found, the better. We consider the inte- 
ger next above the numerical value found by either rale as the 

EXAMPLES. 

1. Find a superior limit of the positive roots of the equation 

„* _ 5 a* + 40 *» - 8 x + 23 = 0. 
Art. 113 gives 8 + 1, or 9, as a limit, Art 114 gives f + 1, or 
C, as a limit. 

Hence 0 is a superior limit 

2. Find a superior limit of the positive roots of 

a? + 4 x* - 3 x* + 5 x* - 9 x* - 11 s» + 6 x - 8 = 0. 
Art. 113 gives 5 as limit 
Of the fractions 

3 9 11 8 

1 + 4' 1 + 4 + r,' 1+4 + r.' 1 + 4 + 5 + 6' 
the third is the greatest, and Ait. 114 gives the limit 3. In 
this case Art 114 gives tic; closer limit. 
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3. Find the superior limit of the positive roots of 

a» + Sx*- 14 j*- Zix> + r,G x- 18 = 0. 
Here, Art 113 gives 9 as a limit, and Art. 114 gives 7 as a 

4. Find the superior limit of the positive roots of 

a* + 20 £ + 4 j* - 1 1 *» - 120 x* + 13 x - 25 = 0. 
The methods of Arts. 113, 114 both give the limit 0. 
In this case we can find a much closer limit by applying the 
method of Art. 113. 
The equation may be arranged as follows : 

- 11) + 20 x*(x*- 6) +4 X* + 13 x - 25 = 0. 
Here 3 = 3, or any greater number, renders each group posi- 
tive; hence 3 is a limit. 

5. Find a superior limit of the roots of the equation 

*_jr , -2jr , -4*-24 = 0. 

When there are several negative terms, and the coefficient 
of the highest term is unity, it is convenient to multiply the 
whole equation by such a number as will enable us to distribute 
the highest term among the negative terms. Here, multiply- 
ing by 4, we can write the equation as follows : 

x*(x - 4) + x*(x t - 8) + x {x* - 10) + **- = 0, 
and 4 is a superior limit. 

Find a superior limit of the positive roots of the following 
equations : 

6. \x>- 8 x< + 22 x< + OS j» - 73 x + S = 0. 

7. Bx*-7x*- Uix*- , £ix*-Qiix-3l7=*0. 

8. x*-x t -2s*+2x i + x-l=0. 

9. ^-8^ + 12^+1(^-30 = 0. 
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116. Inferior Limits, and Limits of the Negative Roots. 

To find an inferior limit of the positive roots, we innst 
transform the equation into another whose roots are the recip- 
rocals of those of the first by the substitution x = - (Art. 104). 

Find then the superior limit J of the positive roots of the 
equation in y. The reciprocal of this, i, will be the required 

inferior limit ; for since y < I, ^ > i , i.e., a; > y . 

For example, take the equation of example (3) under the 
last article 

! r» + 8* , -14:e a -53» , + 56:(;-18 = 0. . . (1) 
Putting x = -, (1) becomes 

J > -fjy + fl9 s +H/-Ay-rV=0, • • (2) 

and a superior limit; of (2), by Art. 1 14, is f f + 1 = ff, and, 
therefore, 4} is an inferior limit of the positive roots. 

To find limits of the negative roots, we have only to trans- 
form the equation by the substitution x = — y. 

This transformation (Art. 102) changes the negative into 
positive roots. If I and V be the superior and inferior limits of 
the positive roots of the equation in y, then — I and — V are 
the limits of the negative roots of the proposed equation. 

For example, take the equation 

a! «-2 i t»-13:t , -14a: + 24 = 0. . . . (1) 
Putting x = — y, this becomes 

y + 2j'-13j'-|-14y + 24 = 0. ... (2) 

By the method of Art. 115, we readily find a superior limit 
of the positive roots of (2) to be 5 ; therefore - 5 is a superior 
limit of the negative roots of equation (1). 
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EXAMPLES. 

N 1. Find limits to the positive and negative roots of 

* - o *? + + 1 2 as" - 1 2 *» + 1 = 0. 

Show that the real roots of the following equations lie be- 
tween the limits respectively given : 

V 2. tf-i? + ix'-3x+l = Q; landl. 

3. a 4 + :r'-10.e s -a.- + 15 = 0i — JantlS. 

4. s» + 5V + x'-10* I -20.r-lC = 0; -Sand 3. 

5. (*»-4ib-2)«-43 = 0; -2 and 6. 

6. ^ + 2^ + 3^ + 4^ + 0^-54321; -3,9. 

Separation- of the Eoots of Equations. 

117. Having found the limits within which the real roots 
of an equation lie, the next step in the solution of an equation 
is to discover the intervals in which the separate roots lie. 
The two most useful theorems for determining the number 
of real roots between any two arbitrarily assumed values of 
the variable are the Theorem of Fourier ami Hilda*, and the 
Theorem of Sturm. 

For a proof of the first, we refer the reader to Ilurttmle ami 
Ponton's Tlieorn of Equaliouo. The theorem of Sturm,* which 
we shall consider in the next article, has the advantage of 
being unfailing in its application, giving always the *xwt 
number of real roots between any two proposed quantities; 
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whereas the theorem of Fourier and liudan gives only a cer- 
tain limit which the number of real roots in the proposed 
equation cannot exceed. 



f(x) = xr+ Pl x->+-+p,_ 1 z+p. = 0. . . (1) 

be an equation from which the multiple roots have been re- 
moved (Art. 98).* 

To find the equal roots we have employed the common 
operation of finding the H. C. F. of a polynomial f{x), and 
its first derived function, f'(x). Sturm has employed the 
same operation for forming the auxiliary functions which 
are used in this method for separating the roots of an 
equation. 

lift the process of finding the H. C. F. of f(x) and /'(%) be 
performed. 

The successive remainders will go on diminishing in degree, 
and, as f(x) has, by hypothesis, no multiple roots, f(x) and 
/'(*) nave no common divisor except unity, and Ave finally 
obtain a remainder, f,(x), independent of x; that is, which is 
numerical. 

Dividing /(as) by /(j-), we shall obtain a quotient g„ with a 
remainder of a degree lower than that of f(x). Denote this 
remainder, with its sign changed, by f/x), and divide f'{r) by 
f,ix), and so on; the operation being precisely the same as 
that of finding the H.C.F. of f(x) and f'{x), except that the 
signs of each remainder must be changed, while no other 
changes of sign are permissible. In the process of finding 
./i('). /a(*), etc., any jmsith-e numerical factor may be omitted 
or introduced, in order to avoid fractions, for the sign of the 
result is not affected thereby. 



lia Sturm's 



Let 




n,,l „«*..»„ . 1„M r, 
inl.v.y.U.ili.iiebyt 



l'.b„tfor»lm|.Ikltyvr. , 
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The expressions f(x), f(x), ftf), ffyt) ... /,(,) arc called 
Sturm's Functions. 

Keeping in mind the above explanations and definitions, 
we may now state Sturm'* Theorem: 

Tukorkm. If una tico real number* a and b be substituted 
for x iu Sturm's Functions 

und the si'jiis noted, the difference hrtirecu the number of changes 
of siyn in the series ichen a is substituted for x, mid the number 
when b is substituted for X, expresses exactly the number of real 
roots of the equation /(*) = 0 between u tintl b. 

derive the following series of equations, iu which 

7i. 7* 7s - 7.-i 
represent the successive quotients in the operation : 
/<*) = 7./'(*)-/*(*) 



Having regard to these relations, we observe : 
(1) The last of the functions /„(*) is not zero; for by sui>- 
positinu it is independent of x, and if it were zero, tl illa- 
tion /(jr) = 0 would have equal roots by Art. '.is. which is 
contrary to the hjpothesis. 

(•2) No two consecutive functions in the series can have 
a common factor; for, if they could, all the snccccdim; func- 
tions would vnrrrsh, h t riwdhrg f.(j), and rhis is imiK.ssible 

" y(,) - -fpKU j^y ^jU ~ 
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(3) When any auxiliary function vanishes, the two adjacent 
functions have contrary signs. Suppose, for example, that 
/ s (j!) = 0, then from the second of the above system of rela- 
tions we have f l (x) = -f£x). 

In examining, therefore, what changes of sign can take place 
in the series during the passage of x from a to 6, we may 
exclude the case of two consecutive functions vanishing for 
the same value of the variable; therefore the different cases 
in which any change of sign can take place are the following: 

(a) When x passes through a root of the equation /(*) = 0. 

(6) When x passes through a value which causes one of the 
functions /, ft, /, — /._, to vanish. 

(c) When x passes through a value which causes two or 
more of the functions f, ft, fa •••/.-! to vanish together; no 
two of the vanishing functions, however, being consecutive. 

(«) When x passes through a root of f(x) = 0, it follows 
from Art. 99 that one change of sign is lost, since immediately 
before the passage f(x) and f(x) have unlike signs, and imme- 
diately after the passage they have like signs. 

(6) Suppose x to take a value « which is a root of the equa- 
tion f r (x) = 0. From the equation 

/*-,(*) = qj&)~ fr+&), 

we have /-,(«) = -/.+.(«), 

which proves, as we have seen, that this value of x gives to 
f, ,(x) and fr+,(x) the same numerical value with different 
signs. In passing from a value a little less than a to one a 
little greater, we can suppose the interval so small that it con- 
tains no root of or /,+,(*); hence, throughout the inter- 
val under consideration, these two functions retain their signs. 
We conclude that just before at, varying continuously, reaches 
the value «, the signs of /,_,(*)» f r (x), f+^x) must be + ± - 
or — ± +, and just afterwards they must be + T — or 
— T + ; that is, f,(x) changes sign as x passes through the 
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value tt, and the other two ilo not.^ lint, though llio sign of 

thereby in the group of throe; because, on account of the 
difference of signs of the two extremes /^(jt) and /,.,(*), 
there will exist both before and after the passage one varia- 
tion ami one permaneuey of sign, whatever he the sign of the 
middle function. For in the change from + ± - to + T — , 
or from — ± + to — T +, a permaneuey and a variation are 
changed into a variation and a permanency, or a variation and 
a permanency into a permanency and a variation; but no 
variation of sign is lost or gained on the whole. 

(c) It follows at once that if two or more of the auxiliary 
functions vanish for the same value of r, since no two adjacent 
ones can vanish, the same reasoning that was employed in (b) 
holds good here, and, therefore, if f(r) is one of the vanishing 
functions, one change of sign is lost, and, if not, no change is 
either lost or gained. We have proved, therefore, that when x 
passes through a root of f(x) = 0, one change of sign is lost, 
and under no other circumstances is a change either lost or 
gained. Hence the theorem : the number of changes of sign 
lost while x varies from a to b is equal to the number of real 
roots of the equation between a and 6. 

119. Separation of the Real Roots. The substitution of + oe 
and — y. for x in Sturm's Functions determines the number of 
real roots of f(x) = 0. 

The number of imaginary roots would, of course be the 
difference, lietween the degree of the equation anil the numlier 
of real roots thus determined. The substitution of + x and ti 
for x determines the numlier of positive real roots, and the 
substitution of — cc and 0 determines the numlier of negative 
real roots. 

In applying Sturm's theorem, it is convenient in practice to 
substitute first — re, <», + -e in Sturm's Functions, so as to 
obtain the whole number of negative and of positive roots. 
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To separate the negative roots, the integers —1, —2, —3, etc., 
are to be substituted in succession till we reach the same series 
of signs as results from the substitution of — cc ; and to sep- 
arate the positive roots we substitute 1, 2, 3, etc., till the signs 
furnished by + » are reached. A few examples will illustrate 
the application of the theorem. 

EXAMPLES. 

1. Find the number and situation of the real roots of the 



/(x) = z»-2a:-5 = 0. 
We find /'(*) = 3 a? -2, f,(x) = 4 x + 15, /,(*) = -643. 
Corresponding to the values — oo, 0 + oo of x, we have 
(-«=) - + - - 
(0) - - + - 
(+co) + + + - 
Hence there is only one real root, and it is positive. 
Again, corresponding to values, 1, 2, 3 of x, we have 
(1) - + + - 
(3) - + + - 
(3) + + + - 
The real root, therefore, lies between (2) and (3). 

2. Find the number and situation of the real roots of the 
equation 

f(x) = x* - 6 j? + 5 x> + 1 4 x - 4 = 0. 
1 Iere /' (x) = 2 a* - 0 x* + S x + 7, omitting a factor 2. 
/,(») = 17 tf- 57 x-B, 
/ 3 (a:) = 152 a: -457, 
/«(*) = +• 

In this pxninplc it will be found that the calculation of 
f,(x) is somewhat complicated; it is sufficient for our purpose, 
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however, to know the tigii, and thus when we ascertain that it 
is poaitice we need not calculate it exactly, but merely put 
down f t (x) = +. Here we have the following series of signs : 
(-00) + - + - + 
(0) - + - - + 
(+») 4-4-4-4-4- 
Hence all the roots are real : one negative and three positive. 
We have further the series of signs: 

(-2) + - + - +, 4 variations. 
(-1) + - +, 3 variations. 

(0) 1 +,3 variations. 

(1) + H +,2 variations. 

(2) 4 — +, 2 variations. 

(3) + +.2 variations. 

(4) + + + + +, 0 variations. 

There is one change of sign lost between —2 and —1, one 
between 0 and 1, and two between 3 and 4. 

If we put 3^ for x, die succession of signs is — 0 4- 4- 4-, 
and thus there is only one change of sign, so that one root of 
the equation lies between 3 and 3J; therefore another root lies 
between 3J and 4. 

Find the number and situation of the real roots of the 
equations: 

3. <t , -3j?-4as4-13 = 0. 4. 3?-7x + 7 = 0. 

5. *«-4i#-3*+33=0. 

Ann. Two real positive roots, between 2 and 3, and 3 and I, 
respectively. 

6. x i -4x* + x* + Gz + 2 = 0. 7. a*+*+x- 1 =0. 



8. ^-G* 5 4-8*4-40 = 0. 



CHAPTER X. 



ELIMINATION. 

120. Under the head of Applications of Determinants, in 
Chapter 111, we have considered, as the student will recall, 
several cases of elimination whereby a system of equations 
may be solved. 

In Art 41 there was given the method of solving a system 
of simultaneous equations where the number of unkuowu 
quantities is the same as the number of equations. 

In Arts. 42 and 43, the case where the number of equations 
is greater than the number of unknowns was considered, and 
the condition of consistency of such a system was obtained. In 
such a case the etiminaitt, or resultant, which is the determinant 
obtained by eliminating the unknowns from the given equation, 
is the determinant of the coefficients aud absolute terms. 

We next considered homogeneous linear equations (Art. 44), 
and found that for a system of » homogeneous linear equations 
involving » unknowns the eliminant is the determinant of the 
coefficients, and that if this determinant vanishes, the ratios of 
the unknowns may be determined, but not their absolute values. 

There are various ways of determining the resultant, It, of a 
system of equations. We shall give some of the best methods 
of eliminating a single unknown from two consistent equations 
of any degree. 

12L The method that naturally presents itself is as follows: 
The resultant of two linear equations 

ojc + J = 0, a'x + b' = 0 
is evidently ah'~ba' = 0. 
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If now we have two quadratic equations 
ax* + bx + c = 0 . . (1) a'x t + b'x + cf = 0 . . (2) 

multiplying the first by a', the second by a, and subtracting, 
we get 

(ab')x + (ac , ) = 0 (3) 

where (ab 1 ) = | | and (ac 1 ) = | * | [See Art. 17, (3)], 

and, again, multiplying the first by c', the second by c, sub- 
tracting, and dividing by x, we get 

(«t> + (6c') = 0 (4) 

The problem is now reduced to elimination between two 
linear equations, and the result is 

(<«•')•+ (W)(tc-) = 0 (•-.) 

This method of forming the resultant is practically very 
limited in application, as it becomes very tedious for equations 
higher than the fourth degree. 

122. Euler's Method of Elimination. Having given two 
equations of the mth and nth degrees respectively, 
/(x) = « 0 jf + n 1 j— ' + ••• + «. = Oj 
F(x) = b^r + b l x-> +•••+&. =0 J K ' 

we propose to eliminate x, or to find their resultant 

If these equations admit a common root r, we may assume 

/(*) a (*-»•)/,<>), 
F(x) = (x-r)F,(x), 

who™ *W ~ + + + "" 1 

F,(x) = /},*-> + f3s-'+- + P.. I 

the coefficients being undetermined quantities do] 



(2) 
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Whence we have 

an identical equation of the (?» + « — l)th degree. Now, 
equating the coefficients of like powers of x on both sides of 
the equation, we have »i + n homogeneous equations of the 
first degree in the m + « quantities p,, j>» — p., q„ q„ — q, ; 
and eliminating these quantities by the method of Art 44, we 
obtain the resultant of the two given equations in the form of 
a determinant. The method will be made clear by a few ex- 
amples. 

EXAMPLES. 

1. Find the resultant of the two equations 

ax* + bx + c = 0, ap'+bp + c l = 0, 
supposing them to have a common root. We have identically 

fai* + 9j) + bx + c) = (jhx +p t ) (arf + b,x + c,), 
or (?,a %i'iO.)a? + (q,b + qji -pA -jyj,)** 

+ (9iC + qj> - ftc, - pA)x + q* - PA = 0. 

Equating to zero all the coefficients of this equation, we 
have the four homogeneous equations 

q,a -j>,o, =0, 
9,6 + o s a-p 1 6, -;vii = 0, 
?,c + qj> -pa - pA = 0, 
9ic —PA =0, 
and, eliminating p u p„ q u q„ we obtain the resultant in the 
form 
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2. Find the resultant of the equations 

ajf+atf + aiX + a^O, b<?? + 6,* + 6,= 
Eulert identity 

(«„*» + atf + a* + a,)0?»t + /?,) 
- (6<*» + 6,i + 6,) («^» + «,x + a,) = 0, 
gives the following five equations: 

«n8o — &o«o = 0, 

«A-«o/3i- Vo-Vi =0, 
<hPo - «.|8i - M, - - tyi, = 0, 
a^ + a^ -6^, -&,«, = (>, 

whence 

a, 0 -&„ 0 



Oj-a, —ft, —6, -6 0 
a s a, 0 -b, -b, 
a a, 0 0 -b, 



. 123. Sylvester's Dialytic Method of Elimination. This method 
leads to the same determinants for resultants as Eider's method ; 
hut it is simpler in its application and has an advantage over 
Euler's method in point of generality, since it can often lie 
applied to form the resultant of equations involving several 
variables. 

To find the resultant of the two equations 



F(x) = b v f + b lX "' + brt-> + ■ 



•+«. = 0, 
+ 6. = 0, 
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of degrees m and n, with one unknown, we mvdtiply the first 
successively by 

*, at, x\ 
and the second by a* rf, -, *- >. 

We obtain thus the system of equations 

f(x) = 0, */(*) = 0, ,tf(x) = 0, ...*•->/(*) = 0, 
F(x) = 0, xF(x) = 0, x*F(x) = 0, .» *>- l F(x) = 0. 
There are m + » equations, and the highest power of x is 
m+n-1. 

If there is a common root, it will satisfy all the equations 
of this system. And, in taking for unknowns, the different 
powers of a:, 

x, a*, a?, if*"-', 
the preceding equations form a system of m + n linear eqna- 



Hence, by Art. 43, we can eliminate these unknowns ami 
get a resultant, It, which is equal to zero, if the equations 



EXAMPLES. 

1. Find the resultant R of two quadratic equations 

ax' + bx + c = 0, a l x' + b& + c, = 0. 
We have xf(x) = ax< + bx> + <:x =0, 

/(*)= atf + bx+c =0, ■ 
xF(x) = a l x'+b l x i + c l x =0, 
F(r)= atf + bp + c^O; 
from which, eliminating jr\ **, r. we get the same determinant 
as in the preceding article, columns now replacing rows: 
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a b c 0 



«, 6, c, 0 
0 a, 6, c, 
2. Find the resultant of the two equations 

/(a-) = a.* 1 + + a,* + a,r + a, = 0, 
F(x)= M' + 6 l J! + 6. = 0. 

We have the following system : 

f(x) = 0 •*» + eve* + a,^ + a*t» + eyt + <i 4 = 0, 
«/(*) = aoi* + a,* 4 + a jt 1 + a,* 1 + ajc + 0 = 0, 
F(x) = 0 • X s + 0 • a* + 0 • t? + J*t» + b,x + b. = 0, 
*F(*) = 0 • a 5 + 0 • nf + bj? + + bp + 0 = 0, 
x>F(x) s 0 • x> + btf + b#? + bj + 0 • x + 0 = 0, 
a?F(x) = b < ^ + b l x t + b^' + 0-x' + 0-x + 0 = 0. 
Therefore, we have for the resultant, 

a, a, n, n, a. 



0 0 0 1), 



6, b s 
b, 0 



&, 6. 
6, 6, 0 



124. There are other methods of elimination, notably the 
method by Symmetric Functions and Ikzout's Method, for an 
explanation of which we rrfor the student to a higher work on 
tlie subject, such as Burnside and Tanton's Theory of Eqmttiou*. 
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We shall close this chapter by giving some examples illustra- 
tive of the methods that we have considered in the foregoing 
articles. 

EXAMPLES. 

1. Eliminate, by the method of Art. 122, x from the two 
quadratic equations 

s» + 4*-21 = 0, a»- 13* + 30 = 0, 

and show that R = 0, and thus prove that the equations have 

2. Apply the same method to find the resultant of the two 
cubic equations 

(u? + b3? + cx + d = 0, 
a'x t + b'x* + c?x + <P = 0. 

3. To solve, making use of Euler's method, the equations : 

3y t + 4xy + 3^-9y-15x = 0,'i 

y>-2xy + x , + 2y-10x = 0.l ' ' ' ' ™ 
Rearranging the terms according to descending powers of x, 

3* + (4y-15)* + 3^-9y = 0,l 

x'-(10 + 2y)x + y> + 2y=0.} •■••<« 

These are equations of the second degree with respect to x, 
of which the coefficients a, b, c, «„ 6„ o, (see Art. 122, Ex. (1)) 
are respectively 

3, 4jf-15, 
1, -(10 + 2y), ^ + 23,. 

Therefore, by substitution in the value of It of Ex. (1), Art. 
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3 0 1 0 

4y-15 3 -(10 + 2y) 1 

3/-9y 4j-15 y t + 2y -(10 + 2y) 

0 3/-9y 0 j« + 2y 

or, in developing, 

4ff(y» + 2^-9y-lS) = 0 .... (4) 

The solution of this equation gives for the roots 

y = 0, y=3, y = -3, y = -2. 

Then, to calculate the corresponding values of x, in this 
example, we simply eliminate x 3 between the proposed equa- 
tions, which gives an equation of the first degree in x 

(3 + 2j0.e-3y = O. 

Substituting successively the roots obtained for y, we find 

x = 0, x = i, x = 3, x = <i. 

The given equations admit, therefore, four common solutions 

(0,0), (3,1), (-3,3), (-2,0). 

4. Find the condition that all the roots of the equation 

r' + Srix + G = 0 

shall be real. 
Solution. The three roots may be represented by 

a,fi+y/?, and 0-Vr*. 
These will all be real when 

^>0 (1) 

and the last two will be imaginary when 

»*<0 (2) 
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Now we have, Art 94, (3), 

« + 2/} = 0, ] 

2«fi + P-f=3II, (3) 

= - ft J 

To eliminate « and /3 from (3), we substitute tlie value of « 
from tbe first in the second and third, and then multiply the 
second by 0 twice, and the third by /8 once, thus forming the 
five equations: 

3^ + (y s + 3^) = 0, 
3/8» + (/ + 3tf)/? = 0, 
3P + (y> + 3H)P' = 0, 
20»-2y» j 8-(? = O, 
2 /3 1 - 2/^ -0/3 = 0, 
whence, the determinant 

0 3 0 tf + SH) =0. 

3 0 (/ + 3//) 0 
0 (v» + 3//) 0 0 
2 . 0 -2/ -O 

0 -2y« -a 0 
This reduces to 



27 (y + 4//») 
^ 4 (4 / + !)//)* 



+ 9 

which, compared with (1), shows that the roots are all real when 

G» + 4//»<0, 
the required condition. When 

(7 s + 4//»>0, 

the two conjugate roots are imaginary. The function G*+iJI' 
is called the discriminant of the cubic 

+ 3 IIx+O = 0. 
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SOLUTION OF NUMERICAL EQUATIONS. 

125. There is an essential difference between the solutions 
of algebraic and numerical equations. In the former we have 
a general result expressed in symbolic characters, and it has 
been proved to be imiKissible to carry this solution beyond 
equations of the fourth degree (Art. 63). 

But it is possible to solve numerical equations of a much 
higher degree, and to obtain at least approximate values of the 
roots accurate enough for all practical purposes. 

To this end, we determine the roots separately, and we must 
first sejiarate the roots; for, before attempting the approxima- 
tion to any individual root, it is geuerally necessary that it 
should be situated in a known interval which contains no 
other real root In Chapter IX. certain methods of separating 
the roots of an equation have been explained. 

Real roots of numerical equations are either commensurable 
or incommensurable. Commensurable roots include integers, 
fractious, and repeating decimals which can be reduced to 
fractions; incommensurable roots consist of interminable deci- 
mals. The routs nf the former class can l>e found exactly, and 
those of the latter, as we have just intimated, approximated 
to with any degree of accuracy. In this chapter we shall con- 
sider the solution of numerical equations. 

126. Theorem. If the coefficient of the first term affix) i* 
viiitij and (ill the other coefficient* are whole number*, ««>/ com- 
mensurable real root of f(x) = 0 I* a whole number ami an exort 
divisor of p«. 
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For, if possible, let f j, a fraction in its lowest terms, be a 
root of the equation 6 

f(x) = a" + ft**- 1 +p#?-' + - +p_i:c = 0 j 

we have then 

from which, multiplying by ft— 1 , we obtain 

- j =/>.«"-• + + - + P.-i«b"-' +P,b- 1 . 

Xow, since ^- is a fraction in its lowest terms, this equation 
is impossible, for an integer cannot be equal to a fraction. 
Hence 'i cannot be a root of the equation. The real roots of 
the equation, therefore, .ire either integers or incommensurable 
quantities. 

It is evident, by Art. 94, that 'any commensurable root is an 
exact divisor of p.. Every equation with finite coefficients 
can be reduced to the form in which the coefficient of the first 
term is unity, and those of the other terms whole numbers by 
the method of Art 103. 

127. Knowing that the integral roots of f(x) are factors of 
p., we can often determine them by trial. To do this, we must 
first find the limits within which the roots lie (Chap. IX). 
For example, take the equation 

x>-4i> + x + 6 = 0. 

Here the real roots lie between + 4 and - 2. The possible 
commensurable roots, being integral factors of 6, are ± 1, + ?. 
+ 3, and we easily find that the roots are - 1, + 2, + 3. 
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We shall in the next article explain a general methixl of 
obtaining the integral roots of an equation whose coefficients 
are all integers. 

128. Newton's Method of Divisors. 

Suppose A to be an integral root of the equation 

+ '+..•+ «„_,* + «. = 0. . . . (1) 
Let the quotient, when the polynomial is divided by x — A, be 
&.*"-> + M" - * + ... + b..tc + 6_„ 
in which b m 6„ etc., are all integers. 
Proceeding as in Art. 82, we obtain 

a a = b„a J = b l - //&„, a, = b, - Aft, - 
a.-t = b._,-hb^, a.., = b. ,-Ao.-,, a„ = -/<&_,. 
The last of these equations proves that a. is divisible by A, 
the quotient being - 6„_,. The second last, which is the 

«„-. + f = -l'b..„ 

proves that the sum of the quotient thus obtained and the 
second . last coefficient is again divisible by A, the quotient 
being and so on. Continuing the process, the last 

quotient obtained in this way will be — b m which is equal 
to - a,. 

In this way we can test all the divisors of a. and see 
whether they are roots of the. equation. They must, at each 
step of the above process, give integral quotients and a final 
quotient equal to — «„ As soon as a fractional quotieut is 
met with, the number that we are trying must be rejected, for 
it cannot lie an integral root. This is called Newton's 4 
Method of Divisors. 
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129. Application of the Method of Divisors. In applying 
this method it is convenient, after a manner analogous to 
Art 82, to write the series of operations as follows : 

a. »_i — <h «i ao 

-6.-, -6„_, -6, -6,-6, 
-*6_, - A6._j -7i&, -ftfro 0 

The first figure in the second line (— 6„_,) is obtained by 
dividing «„ by A. This is to be added to a,., to obtain the 
first figure in the third line (— A6„_,). This is to be divided 
by A to obtain the second figure in the second line (— 6„_ s ) ; 
this to be added to a»_j, and so on. If A be a root, the last 
figure in the second line thus obtained will be — «„. 

When we have proved in this manner that A is a root, the 
next operation with any divisor may be performed, not on the 
original coefficients a«, «„_„ — , but on those of the second line 
with their sigus changed, for these are the coefficients of the 
quotient when the original polynomial is divided by x — h. 

We need not include the numbers 1 and — 1 in the number 
of trial divisors. It is more convenient to determine before- 
hand by trial whether either of these numbers is a root. 



EXAMPLES. 

1. Find the integral roots of the equation 

x* + 6 x> + a* - 24 x - 20 = 0. 

We observe that all the roots lie between +3 and —6. 
Hence, the following divisors of 20 are possible roots : 

-fi, -4, -2, -1, +1, +2. 

Ity trial we find that -1 is a root, and +1 is not. 
We commence with + 2. 
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-20 -24 +1 +C +1 
-10 -17 -8 -1 
_34 _1G -2 0 

Hence 2 is a root 

We next try - 2, making use of the coefficients of the second 
line with the sign changed. 

10 17 8 1 

- 5 -r. -l 

+ 12 +2 0 

Hence - 2 is a root. 

We proceed next with — 4. As this does not divide 5, it is 
not a root, so we try — 5. 

5 6 1 

~~ 5 ~ 0 

and — 5 is a root. 

One step more in the process would show ns. as we already 
know, that — 1 is also a root. Hence the roots of the equa- 
tion are -1,-2, -Si, 2. 

2. Find the integral roots of the equation 

a 4 + lljr' + 41* s + <ilx + 30 = 0. 

It is evident that there is no positive root. By trial we 
find that the limit of the negative roots is — 0. Hence the 
possible integral roots are 

-1, -2, -3, -4, -5. 

We commence with — 5. 



41 


11 


1 


-11 


- 0 




30 


5 


~0 



so — 5 is a root. 
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As 4 will not divide 6, — 4 is not a root (as we knew in 
beginning, for it does not divide 30), so we try — 3, and f 
— 2, and lastly — 1, as follows: 



^1 
0 

Hence, — 1 is a root, and the roots are all integral. 

3. Kind the integral roots of 

a »_4x'-lCa? + 46a! s + 63a!-90 = 0 
By trial we find that +1 is a root; we therefore depress 
the equation by dividing through by x — 1, which gives 
a* _ 3 a* - 19 *» + 27 a; + 90 = 0. 

Am. 1,3,5, -2,-3. 

4. Find all the roots of 

a: , -3a, 3 -lla* + 19as + 42 = 0. 
Here limits of the roots are + 4 and — 3; and the possible 
integral roots are + 3, + 2, + 1, - 1, - 2. 

+ 3, - 2, 1 + 2 V2, 1 - 2V2. 

5. Find all the roots of the equation 

z* + ;c s -2a? + 4*-24 = 0. 

6. Find the integral roots of the equation 

15 a» - 19 *« + G + 15 a?- 19 a + 6 = 0. 
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7. Fiuil all the roots of the equation 

* - 2 - 19 x> + Ii8 x - CO = 0. 

The roots lie between -C anil 0. We find that 2, 3, - 5 
are roots, ami that the factor left after the final division is 
x — 2 ; hence 2 is a double root, and the polynomial is there- 
fore equivalent to 

(*-2)*(*-3)(* + 6). 

130. Determination of Multiple Roots. The Method of 
Divisors, as shown l>y Ex. 7 of the last article, determines 
multiple >oots when they are commensurable. In applying 
the method, when any divisor of n„ which is found to be a 
root, is a divisor of the absolute term of the reduced poly- 
nomial, it may also be a root of the latter. If it is, it will be 
a double root of the proposed equation. If it is found to lie 
a root of the next reduced polynomial, it will lie a triple root 
of the proposed equation, and so on. It is often a saving of 
labor to seek for multiple roots in this way, rather than by the 
laborious method of the H. 0. F. (Art. 98). 

EXAMPLES. 
Find the commensurable and multiple roots of 

1. 2 x>- 31 *» + 112/- + 04 = 0. 

2. x f -« ,, -30x'-7r,x-5r> = n. 

3. x<-Sx> + 22 j? - 2« x> + 21 j; — 18 = 0. 

131. Kewton's Method of Approximation. We shall now 
proceed to the determination of incommensurable roots, giv- 
ing first Newton's Method. 

In any method of approximation, the root that we are seek- 
ing is.supposed to lie separated from all other roots and to be 
contained within close limits. Let f(x) = 0 be the given 
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equation, and let o be a known number differing by a small 
quantity (a decimal fraction), h, say, from the root a + ft. 
We have then 



/(« + ft) =/(«)+/•(«)» —a. . (i) 



In the first approximation, since ft is small, we neglect the 
terms which contain V and higher powers. 
Hence (1) becomes 



/(a)+/W» = 0, 
which gives, as a first approximation to the root, the value 



Representing this root by b, and applying the same process 
a second time, we have for a second approximation to the root 



The oftener this process is repeated, the more accurate is the 
approximation. In general the approximation is rapid, but 
this method has been entirely superseded by Horner's Method, 
which we take up in the next article. To illustrate this 
method, consider the equation 



We find that the three roots are comprised respectively in 
the intervals (- 1, - 2), (0, 1), (4, 5). Let us first calculate 
the last one. Narrowing the limits, we find that the root is 
comprised between 4.2 and 4.3. 

We find, then, 





f(x) = x>-i*-2x + i = 0. . . . . (1) 
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A first approximation is, therefore, 4.2504. 
Calling this 6, we have 

m _ A"'™) _ O014825 

m~7^SST) = m»43 = 0000S15 - 

A second approximation is 

4.2304 - 0.000815 = 4.249583, 

which will be found to be correct to the third decimal place. 
In like manner the root between 0 and 1 is found to be U.853C3, 
and that between -1 and -2, to be -1.102773. Here, as 
the example is given simply to illustrate the method, no pains 
has been taken to carry the approximation beyond the third 
decimal place. As the coefficient of a? in equation (1) is 4, the 
3 roots added together should give 4. 



132. Horner's Method of Solving Numerical Equations. By 
Horner's method both the commensurable and the incom- 
mensurable roots can be obtained. The root is evolved figure 
by figure; first the integral part (if any), then the decimal part 
till the root terminates if commensurable, or to any number of 
places if incommensurable. This method is really an extension 
of the principles of the method of Art. 107, which involves lite 
diminishing of the roots by known quantities. A root which 
has several figures is obtained by continued applications of 
that method, the successive transformations being exhibited in 
a compact form, as will be made apparent by the examples 
given below. 

The first step in the solution of a numerical equation is to 
find the first figure of the root This can usually be done by 
trial, though sometimes it may 1* necessary to resort to one of 
the methods of Chapter IX to teparate the roots. 
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EXAMPLE! 



1. Find the positive roots of the equation 
8 a? - 260 3? - 546 x - 207 = 0. 



There can be only one positive root; and it is found by trial 
to lie between 30 and 40. Thus the first figure of the root is 
3. We now diminish the roots by 30. The transformed equa- 
tion will have one root between 0 and 10. It is found to lie 
bctwceu 4 and 5. We next diminish the roots of the trans- 
formed equation by 4, so that the roots of the proposed 
equation will be diminished by 34. The second transformed 
equation will have one root between 0 and 1. Ou diminishing 
the roots of this latter equation by .5, we find that its absolute 
term is reduced to zero; that is, the diminution of the roots of 
the proposed equation by 34.5 reduces its absolute term to 

Therefore, 34.5 is a root of the given equation. The method 
of calculation is exhibited as follows : 

8 - 260 - 546 - 207 1 34.5 

240 - 600 - 34380 



- 20 




- 34587 

296SS 



-4899 

4899 



460 

32 



7422 
2096 



0 



492 
32 



9518 

280 



9798 
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The broken lines mark the conclusion of each transforma- 
tion, and the figures iu dark type are the coefficients of the 
successive transformed equations. (See Art. 107.) 

Thus 8 ^ + 400^ + 5434 x -34587 = 0 
is the first transformed equation, whose roots are less by 30 
than the roots of the proposed equation, and are found to lie 
between 4 and 5. And 

8 x 1 + 55C x* + 9518 x - 4899 = 0 
is the second trausforiued equation. 

If this second transformed eqiiation had not an exact root 
.5, we should find the limits between which the root lies, and 
then proceed as before, and so on. 

2. Find the positive root of the equation 

4*»-13* 1 -31z-275 = 0 (1) 

Here the arithmetical calculation is as follows : 



35 I 245 
24 | 11.06 



11.90 

250.96 



C1.6 



186 TUEonr OF EQUATIONS. Art. 132 

We find by trial that the proposed equation has its positive 
root between C and 7. The first figure of the root is, there- 
fore, 6. 

Diminish the roots by 6. The transformed equation 

4a? + 59a» + 245;*-65=0 

has a root between 0 and 1. It is found by trial to lie between 
.2 and .3. 

Diminish the roots again by .2. The transformed equa- 
4 a? + 61.4 *• + 269.08 x - 13.608 = 0 

is found to have the root .05. Hence 6.25 is a root of the 
proposed equation. 

It is convenient in practice to avoid the use of the decimal 
points. This can easily be effected as follows : 

When the decimal part of the root (suppose .abc •••) is about 
to appear, multiply the roots of the corresponding transformed 
equation by 10; that is, annex one zero to the right of the 
figure in the first column, two to the right of the figure 
in the second column, three to the right of that in the third; 
and so on, if there be more columns (Art. 103). The root 
of the transformed equation is then, not .abc but a.bc •■: 

Diminish the roots by a. The transformed equation has a 
root .be—. Multiply the roots of this equation again by 10. 
The root becomes b.c and the process is continued as 

To illustrate this we repeat the above operation, omitting 
the decimal points. In subsequent examples in this book 
this simplification will be adopted, and the student is advised 
to make use of this principle in the solution of all such 
examples. 
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In the examples here considered the root terminates at an 
early stage. AVhen there are many more figures in the rout, 
the process would become very laborious, if it were nut for a 
simplification which we shall explain in the next article. This 
introduces to us one of the most valuable practical advantages 
of Horner's Method, which is, that after the second or third 
(sometimes even after the first) figure of the root is found, the 
transformed equation itself suyjesls, hij mere iusjiection, the next 
figure of the root. 



133. Principle of the Trial-divisor. We have seen in Art. 
that when an equation is transformed by the substitution of 
a + h for a, a being a number differing from the true rout by a 
quantity ft, small in proportion to «, an approximate numerical 
value of*u/g> 
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Now, as in the successive transformed equations of Horner's 
method, the last coefficient is /(a) and the next to the last is 
/'(«), we would evidently get the next figure of the root by 
dividing /(«) by /'(a); that is, by dividing the last coefficient 
by the coefficient next to the last This will, in general, give 
the correct figure only after two or three steps iu the process 
have been completed, and the part of the root to be found 
bears a small ratio to the part already evolved. We might, 
therefore, if we pleased, at any stage of Horner's operations, 
apply Newton's method to get a further approximation to the 
root. The second last coefficient of each transformed equation 
is called the trtol-dielmr. It is evident that the application of 
this principle will greatly facilitate the work, but we must use 
due care not to apply Newton's method too soon. 

Thus, in the second example of the last article, the number 
5 is correctly suggested by the trial-divisor 2C90800, for 
2K9O8O0 into 13608000 goes 5 times (and something over, of 
course). In this example, indeed, the second figure of the 
root is correctly suggested by the trial-divisor of the first 
transformed equation; although, in general, such is not the 
case. In practice the student must estimate the probable 
effect of the leading coefficients of the transformed equation. 
To illustrate, consider the following examples : 

EXAMPLES. 

1. Find the roots of the equation a? — 7 as + 7 = 0. 

We first separate the roots by Sturm's Theorem (Ex. 4, 
Art. 119). We find that there are two positive roots between 
1 and 2, and a negative root between —3 and —4. Trans- 
forming the equation by diminishing the roots by 1, we find 
that of the two positive roots, one lies between 1.3 and 1.4, 
and the other between 1.6 and 1.7. 

We shall find the first root to live decimal places, and leave 
it as an exercise for the student to find the root between 1.6 
and 1.7 and the negative loot 



Art. 133 XVMEIUVAL KQfAIIO.XS. 



The calculation is w 



II 



IJ 



10375000 

_— !H»IS!ISI _ 
1326016000 
-11SU1".).-|IW 




Here we first diiniiiisli the mots by 1. As the rteehual v 
is ahunt to aiiiiear, uttiich < i|ihers to (hi- ci 
transformed equation, whieli thus liecoinus 
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a? + 30 *»_ 400 x + 1000 = 0. 

We next diminish the roots by 3, as we have already found 
that 3 is the next figure of the root sought. After multiplying 
the roots by 10, the second transformed equation is 

x> + 300 x* - 10300 x + 07000 = 0. 

The trial divisor now becomes effective; 19300 into 9TOO0 
goes 5 times, and 5 is found to be the next figure of the root. 
If we had adopted the figure 0, the absolute term would have 
become negative, the change of sign showing that we had gone 
beyond the root. We must take care that, at least after 
the first transformation, the absolute term preserves its sign 
throughout the operation. The figure to be adopted in every 
case as part of the root is that highest number which in the 
process of transformation trfB not ckuiiye the sign of the absolute 
term. If we were to take by mistake a number too small, the 
error would show itself, just as in ordinary division or evolu- 
tion, by the next suggested number being greater than 9. 

After diminishing by 5 the roots of the second transformed 
equation (and multiplying the roots of the resulting equation 
by 10), the next figure of the root is 6, for 1532500 goes into 
10375000 6 times. And so we proceed, as indicated in the 
above operation. Of course the process can be continued 
indefinitely, and the root obtained correct to any number of 
decimal places. 

2. Find, to 5 decimal places, the positive root of the equation 

as* - 8 a? + 14 a? + 4 * - 8 = 0, 
which lies between 2 and 3. 

3. Find the two positive roots of the equation 

a! ' + 4x , -4i*-H a! + 4 = 0. 
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There are several abbreviations of Horner's profess, by 
which, after tliree or four places of decimals have U-cti calcii- 
lated as above, several more may be correctly obtamcil by a 
contracted process, for an explanation of which we refer the 
reader to Uuraside and Ponton's Tkmry of Etjitaliun*. 

134. Negative Roots. To obtain a negative root of J\jn - it, 
we simply form the equation /(-x) = « (Art. 102), and get its 
corresponding positive root, which will be the required negative 
rootof/(x) = 0. 

EXAMPLES. 

1. Find the negative root of the equation 

* , -12a? + 12as-3=0. 

2. Find the root between 3 and 4 of the equation 

to four places of decimals. 

3. Find the real roots of the equation 

«• - 12 x + 7 = 0. .!«». 2.0473 ; .5'J37. 



MISCELLANEOUS EXAMPLES. 
Find the quotient and remainder when 

1. a* - 2 x 5 + 8 x< - (i x> - 10 x + 15 is divided by x-2. 

2. x« + 3x»-2x , + x- lis divided by .r - 3. 

3. 4 x* + 2 x 5 + i) x — !) is divided by x + I. 

4. 2x» + x'- Ix' + Sx 1 -2x+ It! is divided by x + 0. 

5. a" + 2 a" - I x 7 - T. x» + x" - x' + 10 is divided by x - 5. 
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6. Trace the polynomial 

4a»-a:-8. 

7. Solve the equation 

a* + 288 x + 1216 = 0, 
which has a root 2 - 10 V=3. 

8. Form a rational sextic equation which shall have for 
three of its roots 

1-3V2, 3-2V=T 

9. Solve the cubic 

+ 100 a? + 100 x + 1000, 
one root being V— 10. 

Find by Descartes' rule an inferior limit to the number of 
imaginary roots of the following equations : 

10. 3*-3x 7 + 2?-x'-z + 6 = 0. 

11. a? + ix* + x , + 3x , + x* + x , + x + l = 0. 

12. x» + 2x'-5x>-x t + x> + ix'-6 = 0. 

13. x»-5x* + 3 = 0. 

14. 4a , + 7a , -18!B-30 = 0. 

15. Solve the equation 

27a? + 42a*-28a!-8 = 0, 
whose roots are in geometric progression. [Art. 94.] 

Ana. -2, j, -f 

16. The equation 

a.<'-2.£» + 4x» + 6:e-21=0, 
has two roots equal in magnitude and opposite in sign ; deter- 
mine all the roots. Take a + /? = 0, and use Art. 94. 

A,is. V3, V=3, 1±V=6. 
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17. One of the roots of the cubic 

x , — iu? + ijx — r = 0 
is double another; show that it may be found from a quad- 
ratio equation. 

18. Find the condition which must be satisliiil by the 
coefficients ot the equation 

when two of its roots o, /J, are connected by a relation a+/}=0. 

-l/m. i*i — r -= <>. 

19. The product of two unequal roots of the equation 

ax' + bx' + cx + </ = (! 
is 1 ; prove that the third root is ^-^j- 
Solve the following five equations, each of which has equal 

20. sb»-5js , -8* + 48 = 0. 

21. ^-^ + ^ = 0. 

22. *>-2x>-x'-ix+12 = 0. 

23. *« + 2ar , .-12i , -18* + 27 = 0. 

24. a? - 7 * + 10 *» + 22 ** - 43x» - 33 r" + 4S , + W, = 11. 

(js-2)V-3)V+»>'- 

25. Find the equation whose roots are the roots of 

r ---6 3 »-x- + \!x , -x + 7 = l> 
with their signs changed. 

26. Change the equation 

2 a »_la» + i!jj«-7jr + 3 = 0 
into another, the coefficient of whose highest term will l>e 
unity, and the coefficients of the other terms integers. 
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Remove the fractional coefficients from the equations : 

27. X>-l3? + ±a?-5x + 2 = 0. 

28. ^ + ^^-^=0. 

29. a?+ia?-}a + 3 = 0. 

30. Find the equation whose roots are the reciprocals of the 
rootso _ 91 910 X + 1000 = 0. 

31. Give condition that the following equation should have, 
(1) one infinite root, (2) two infinite roots. 

(a?- 4)X> + (c - 7)s»+ «*» - c* + 20 = 0. 

32. Increase hy 5 the roots of the equation 

2.*«-ar' + Ca! J + 3!<!-10 = 0. 

33. Increase by 3 the roots of the equation 

x'-3x , + x-7 = 0. 

34. Diminish by 2 the roots of the equation 

a?-x* + x*-x + 5 = 0. 

35. Diminish by 6 the roots of the equation 

x*-Z3?-2x + lb = 0. 

36. Diminish by 1 the roots of the equation 

,? - 2 a? + x> + 4 x> - 7* + 7 *• - 16 = 0. 

37. Increase by 10 the roots of the equation 

3x*-6x s -ix t + 2x-5 = 0. 

Transform each of the following three equations into an- 
other wanting the second term : 

38. *'-3x' + 4i B -4 = 0. 

39. ^-8^ + 5 = 0. 
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40. 2x> + 12x>-3x + o = 0. 

41. Remove the third term in the equation 

»«-8jr , + 18ie , -15* + ll = 0. 

Remove the second term and solve the two rank- equation* 
(Art. 110): 

42. x> - 18 *• + 157 x - 510 = 0. An*, (i, fi ± 7 V~. 

43. 3? ~ 7 a* + 14 x = 20. C, 1 + -vTTi. 1 _ ^ / 3Ti. 



44. x t -5it» + 37j! 2 -3j! + 39 = 0. 

45. :c» + 7a!'-12.ir , -49^ + 52j!-13 = 0. 

Apply Sturm's theorem to determine the number and situa- 
tion of the real roots of the following five equations: 

46. af>_4tf + 7*»-G*-4 = 0. 

47. x 1 -5x> + 10^-0^-21=0. 

48. as'-lOar' + Cjr+l =0. 

An*. Hoots all real ; one in the interval |- I. -3{; two in 
the interval J— 1, Oj; and positive roots in the intervals jo. I ;, 
|8. 4j. 

49. X>-2x>-4x + U) = 0. 

50. ^-4^-4^ + 20 = 0. 

51. Show, by Sturm's theorem, that all the roots of the 
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Find the integral roots of the following equations: 

52. *«-5a? + 25a;-21=0. 

53. 9a* + 30;t' + 22a!« + 10: t » + 17ar'-20a; + 4 = 0. 

54. ^ + 6^-22^-33^4-54 = 0. 

55. Find the commensurable and multiple roots of 

x* + 1 2 a? 4- 32 3? - 24 x + 4 = 0. 
Ans. The equation has two pairs of equal roots, both 
inooniiuciumrable. 

56. Find the commensurable and multiple roots of 

a,* - 8 .-*» + 20 .1!* - 32 x> + 68 a? - 32 * + 64 = 0. 

Ans. (x-i)*(x* + 2)'=0. 

57. Find, by Horner's method, to six decimal places, the 
root between 2 and 3 of the equation 

a*- 49*' + 658 a: -1379 = 0. 

58. Find the two real roots of the equation 

x*- 11727 x + 40385 = 0. Ans. 3.45592, 21.43067. 
Find all the roots of the three equations : 

59. a?+a?-2a;-l=0. Ans. -1.80194,-0.44504,1.24698. 

60. a? - 31 5 x*- 19084 x + 2977260 = 0. 

61. aj»-l0a: 1 + 6a:+l=0. 

-3.065315791, 
- 0.691576280, 
-0.175674799, 
+ O.S7950870S, 
+ 3.053058102. 
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The definitions of algebraic ami transcendental functions 
given in Art. 50, page 78, are somewhat broader than those 
found in our elementary text-books on Algebra. That these 
definitions are exact and cover the entire ground, is evident 
from the follow ing considerations : 

In mathematics there are only four fundamental operations, 
namely: addition, subtraction, multiplication, and division. 
If two quantities, x and y, are so related that when one of 
them is given the other can be calculated, the one is said to lie 
a mathematical function of the other. Mathematical functions 
are further divided into two great classes according as the 
number of fundamental operations is finite or infinite, in order 
to calculate the function when the other quantity is given. 



If the number of melt ojiemti<m« i* finite, the f auction is said 
to be algebraic; otherwise, trainutmtental. For example; in 



the number of operations on x is finite. Such expressions are 
algebraic functions. 

The student familiar with trigonometry will recall that sin x, 
e, log (1 + x), as functions of x, are 



3x' + 2x + l, ^±|, (2x-r,)», - 




without end, 



«• = !+ * + £ + £ + without end, 



log (1 + x) = x - \ x> + J s> - -, without end. 
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These are examples of transcendental functions, for the num- 
ber of operations is infinite. 



It is also customary to consider expressions like y/a?+2x, 
+ x + l as algebraic functions, although to derive their 
true value, for values of x other than special ones, would im- 
ply au infinite number of operations. This seeming inconsist- 
ency may be explained on the ground that the extraction of 
the root, though involving, possibly, an infinite number of the 
four fundamental operations, is counted as a single (though 
complex) operation, — making the total number of operations 
finite (in thought). 



APPENDIX B. 



Aland's Diagram: In Article 67 and the foot-note, it is 
possible that rather too much credit is given to Argand. 

Kossak* says that Kubn, in Xovi Commeutarii Awl. 
Petrop. Ill, ad 1750-1751, was the first to give geometric 
expression to V^T. Thus lay off OA, = 1, 



X I I 

0A, = — 1, and draw the perpendicular OB to meet semi- 
circle on A,A t at B. Then Q~B = 0A X • OA B 
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